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A CLASSIFICATION OF RADIAL AND TOTALLY 
GEODESIC ENDS OF PROPERLY CONVEX REAL 
PROJECTIVE ORBIFOLDS III: THE CONVEX BUT 
NONPROPERLY CONVEX AND NON-COMPLETE-AFFINE 

RADIAL ENDS 


SUHYOUNG CHOI 

Abstract. Real projective structures on n-orbifolds are useful in un¬ 
derstanding the space of representations of discrete groups into SL(n + 
1, R) or PGL(n+ 1, R). A recent work shows that many hyperbolic man¬ 
ifolds deform to manifolds with such structures not projectively equiva¬ 
lent to the original ones. The purpose of this paper is to understand the 
structures of ends of real projective n-dimensional orbifolds. In partic¬ 
ular, these have the radial or totally geodesic ends. In previous papers, 
we classified properly convex or complete radial ends under suitable con¬ 
ditions. In this paper, we will study radial ends that are convex but not 
properly convex nor complete affine. The main techniques are the the¬ 
ory of Fried and Goldman on affine manifolds, and a generalization of 
the work on Riemannian foliations by Molino, Carriere, and so on. We 
will show that these are quasi-joins of horospheres and totally geodesic 
radial ends. These are deformations of joins of horospheres and totally 
geodesic radial ends. 
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1. Introduction 

1.1. Preliminary definitions. We will briefly review the definitions al¬ 
ready found in previous papers [13] and [14], 

1.1.1. Topology of orbifolds and their ends. An orbifold O is a topological 
space with charts modeling open sets by quotients of Euclidean open sets 
or half-open sets by finite group actions and compatibly patched with one 
another. The boundary dO of an orbifold is defined as the set of points 
with only half-open sets as models. Orbifolds are stratified by manifolds. 
Let O denote an n-dimensional orbifold with finitely many ends where end- 
neighborhoods are homeomorphic to closed (n — l)-dimensional orbifolds 
times an open interval. We will require that O is strongly tame ; that is, 
O has a compact suborbifold K so that O — K is a disjoint union of end- 
neighborhoods homeomorphic to closed (n — l)-dimensional orbifolds mul¬ 
tiplied by open intervals. Hence 80 is a compact suborbifold. (See [11] for 
an introduction to the geometric orbifold theory.) 
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1.1.2. Real projective structures and ends. We will consider an orbifold O 
with a real projective structure: This can be expressed as 

• having a pair (dev, h ) where dev : O is an immersion equi- 

variant with respect to 

• the homomorphism h : tti(O) —» PGL(n + 1,M) where O is the uni¬ 
versal cover and ni(O) is the group of deck transformations acting 
on O. 

(dev, h ) is only determined up to an action of PGL(n + 1,M) given by 

g o (dev, h(-)) = (g o dev, gh^g -1 ) for g € PGL(n + 1, M). 

We will use only one pair where dev is an embedding for this paper and 
hence identify O with its image. A holonomy is an image of an element 
under h. The holonomy group is the image group h(iri(0)). 

We will assume that our real projective orbifold O is a strongly tame 
orbifold and some of the ends are radial. Each radial end has a neighborhood 
U , and each component U of the inverse image p ( p 1 ((7) has a foliation by 
properly embedded projective geodesics ending at a common point v^ £ 
WP n . We call such a point a pseudo-end vertex. Given an end E of O, we can 
define a pseudo-end E corresponding to it. 7Ti (O) acts on the set of pseudo¬ 
ends corresponding to E transitively. The subgroup fixing a pseudo-end E is 
denoted by 7ri(E). See [13] for detail. Heuristically, a pseudo-end is a class 
of “equivalent” system of connected open sets covering end neighborhoods 
of E. 

• The space of directions of oriented projective geodesics through v^ 
forms an (n — l)-dimensional real projective space. We denote it by 
S v "7\ called a linking sphere. 

• Two lines in O from v^ are regarded equivalent if they are identical 
near v^-. Let Ejs denote the space of equivalence classes of lines from 
v^ in U. Ejt projects to a convex open domain in an affine space in 

by the convexity of O. Then by Proposition 2.1 of [13], is 
projectively diffeomorphic to 

— either a complete affine space A n ~ , 

— a properly convex domain, 

— or a convex but not properly convex and not complete affine 
domain in /4 n_1 . 

• We denote by the real projective (n — l)-orbifold Zf/Tf. Since 
we can find a transversal orbifold Z^ to the radial foliation in a 
pseudo-end-neighborhood for each pseudo-end E of O, it lifts to a 
transversal surface Z^ in U. We can also simply denote it by Z £. 

• We say that a radial pseudo-end E is convex (resp. properly convex, 
and complete affine ) if Zg- is convex (resp. properly convex, and 
complete affine). 

Thus, a radial end is either 
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CA: complete affine, 

PC: properly convex, or 

NPCC: convex but not properly convex and not complete affine. 

In [13], we described an NPCC-end E as a R-end E with Z^ foliated 
by complete affine spaces of dimension /'o for 0 < /'o < n — 1. For a p-R- 
end E corresponding to E, Z^ C S^T 1 is a convex but not properly convex 
and not complete affine. Then it is foliated by complete affine spaces of 
dimension /'o with common boundary great sphere §^ -1 of dimension /'o — 1. 
The space of such leaves can be identified with a properly convex open 
domain of dimension n — /'o — 1. Here, we will call /'o the fiber-dimension of 
the NPCC-end E. 

From now on, instead of the term “pseudo-end”, we will use the term 
“p-end”. 


1.2. Main results. Recall from [13] that the universal cover Z^ of the end 
orbifold Z^ is foliated by /o-dimensional totally geodesic leaves for /'o > 1. 
The end fundamental group tti(E) acts on a properly convex domain K that 
is the space of /’o-dimensional totally geodesic leaves foliating Zg-. 

Given a properly convex domain K , Aut(K’) is virtually isomorphic to 

M /_1 x l"i x ••• x T/ 

for strongly irreducible semisimple groups V,, i = 1,...,/ if and only if K is 
a strict join 

Ki * ■ ■ ■ * Ki 

where K; is a properly convex domain of dimension j, where _/i + •••+_// + 

1 — 1 = n. (Of course, it can be / = 1.) The virtual center of Aut(/<) is the 
diagonalizable group corresponding to M /_1 . (See Section 2.2 of [13]. Here 
there is no condition on strict convexity of Kfi. 

The main result of this paper is: 

Theorem 1.1. Let O be a strongly tame properly convex real projective 
orbifold with radial or totally geodesic ends. Assume that the holonomy 
group of O is strongly irreducible. 

• Let E be an NPCC p-R-end. 

• Let K be the convex n — i$ — 1-dimensional domain that is the space 
of /'o- dimensional totally geodesic affine spaces foliating the universal 
cover lEjz of the end orbifold Z £. 

We assume that 

• a virtual center offjt goes to a Zariski dense subgroup of the virtual 
center of the group Aut(K') of projective automorphisms of K and 

• the p-end fundamental group vri(E) satisfies the weak middle-eigenvalue 
condition for NPCC-ends. 

Then E is of quasi-joined type p-R-end. 
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See Definition 3.4 for the weak middle-eigenvalue condition for NPCC- 
ends. Without this condition, we doubt we can obtain this type of results. 
However, it is open to investigations. In this case, E does not satisfy the 
uniform middle-eigenvalue condition as stated in [13] for properly convex 
ends. 

We will explain the quasi-joined type in Section 4.3. (See Definition 4.15.) 

We remark that Cooper and Leitner has classified the properly convex 
ends when the end fundamental group is amenable. (See Leitner [27] and 
[28].) Also, Balias [2] and [1] has found some examples of joined ends when 
the semisimple part is a trivial group. 

Recall the dual orbifold O* given a properly convex real projective orbifold 
O. (See [13] and Section 6.2 in [14].) The set of ends of O is in one-to-one 
correspondence with the set of ends of O*. We show that a dual of a quasi- 
joined NPCC p-R-end is a quasi-joined NPCC p-R-end. 

Corollary 1.2. Let O be a strongly tame properly convex real projective 
orbifold with radial or totally geodesic ends. Let E be a quasi-joined NPCC 
p-R-end for an end E of O satisfying the weak middle-eigenvalue condition. 
Let O* denote the dual real projective orbifold of O. Let E* be a p-end 
corresponding to a dual end of E. Then E* has a p-end neighborhood of a 
quasi-joined type p-R-end. 

In short, we are saying that E* can be considered a quasi-joined type p-R- 
end by choosing its p-end vertex well. However, this does involve artificially 
introducing a radial foliation structure in an end neighborhood. 

1.3. Outline. In Section 2, we will briefly review the real projective geom¬ 
etry and convex sets. 

In Section 3, we discuss the R-ends that are NPCC. First, we show that 
the end holonomy group for an end E will have an exact sequence 

1 -> A/ -> /j(tti(E)) — > N k -a 1 

where Nk is in the projective automorphism group Aut(K') of a properly 
convex compact set K and N is the normal subgroup mapped to the trivial 
automorphism of K and K°/Nk is compact. We show that is foliated 
by complete affine spaces of dimension > 1. We will explain the main 
eigenvalue estimates following from the weak middle eigenvalue condition 
for NPCC-ends. Then we will explain our plan to prove Theorem 1.1. 

In Section 4, we introduce the example of joining of horospherical and 
totally geodesic R-ends. We will now study a bit more general situation 
introducing a Hypothesis 4.4. By computations involving the normalization 
conditions, we show that the above exact sequence is virtually split and we 
can surprisingly show that the p-R-ends are of joined or quasi-joined types. 
Then we show using the irreducibility of the holonomy group of tti(O) that 
they can only be of quasi-joined type using the irreducibility. As a final 
part of this section, we discuss the case when Nk is a discrete. We prove 
Theorem 1.1 for this case. 
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In Section 5, we discuss when Nk is not discrete. There is a foliation 
by complete affine spaces as above. We use some estimates on eigenvalues 
to show that each leaf is of polynomial growth. The leaf closures are sub- 
orbifolds 1// by the theory of Carriere [8] and Molino [30] on Riemannian 
foliations. They form the fibration with compact fibers. 7Ti(V/) is solvable 
using the work of Carriere [8]. One can then take the syndetic closure to 
obtain a bigger group that act transitively on each leaf following Fried and 
Goldman [23]. We find a standard nilpotent group acting on each leaf tran¬ 
sitively normalized by V Then we show that the end also splits virtually 
using the theory of Section 4. This proves Theorem 1.1. 

In Section 6, we prove Corollary 1.2. 

Remark 1.3. Note that the results are stated in the space S n or MP n . Often 
the result for implies the result for MP n . In this case, we only prove for 
S n . In other cases, we can easily modify the § n -version proof to one for the 
MP n -version proof. 

1.4. Acknowledgements. We thank Yves Carriere with the general ap¬ 
proach to study the indiscrete cases for nonproperly convex ends using his 
and Molino’s work considering the Riemannian foliation with leaves of poly¬ 
nomial growth. I thank Sam Balias and Daryl Cooper for explain their 
theory as related to our. 


2. Preliminaries 

In this paper, we will be using the smooth category: that is, we will be 
using smooth maps and smooth charts and so on. We explain the material 
in the introduction again. We will establish that the universal cover O of 
our orbifold O is a domain in S n with a projective automorphism group 
T C SL±(n + 1, M) acting on it. In this case, O is projectively diffeomorphic 
to O/V. 

2.1. Real projective structures. Let d denote the standard spherical 
metric on S n (resp. MP n ). Let O denote the origin of any vector space 
here. Given a vector space V, we denote by V(V) the projective space 
{V-{0})/ where v ~ w iff v = sw for s £ M — {0} and we denote 
by 5(1/) the sphere (V — {O})/ ~ where v ~ w for s G M + . We de¬ 
note MP" = P(M n+1 ) and 8 n = 5(M n+1 ). A subspace of V(V) or S(V) is 
the image of a subspace in V with O removed. Given any linear isomor¬ 
phism f : V -A W, we denote by V(f) the induced projective isomorphism 
V(V) — > V(W) and S(f) the induced map S( V) — > S( 1/1/). These maps are 
called projective maps. 

The complement of a codimension-one subspace W in MP n can be con¬ 
sidered an affine space A n by correspondence 


[l,xi,... ,x n \ —> (xi,... ,x„) 
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for a coordinate system where 1/1/ is given by xo = 0. The group Aff(/T) of 
projective automorphisms acting on A n is identical with the group of affine 
transformations of form 

x i-A Ax + b 

for a linear map A : R n — > W 1 and b E ML The projective geodesics and the 
affine geodesics agree up to parametrizations. 

A cone C in M ,,+1 — {0} is a subset so that given a vector x 6 C, sx £ C 
for every s £ M + . A convex cone is a cone that is a convex subset of M n+1 
in the usual sense. A proper convex cone is a convex cone not containing a 
complete affine line. 

Note that we can double-cover MF n by 8" the unit sphere in M n+1 and 
this induces a real projective structure on 8". 

We can think of S n as 5(M n+1 ). We call this the real projective sphere. 
The antipodal map 

A : 8" -» 8" given by [v] -> [~v\ for v £ M n+1 - {0} 

which generates the covering automorphism group of S n —> MP n . The group 
Aut(S n ) of projective automorphisms of S n is isomorphic to SL-|-(n + 1, M). 

A great segment is a geodesic segment with antipodal end vertices, which 
is convex but not properly convex. A segment has d-length = 7r if and only 
if it is a great segment. 

Given a projective structure where dev : O —» MP n is an embedding to 
a properly convex open subset as in this paper, dev lifts to an embedding 
dev 7 : O —»• § n to an open domain D without any pair of antipodal points. 
D is determined up to A. 

Let T denote the group of deck transformations of O. 

2.2. Convexity and convex domains. A complete real line in WP n is 
a 1-dimensional subspace of MP n with one point removed. That is, it is 
the intersection of a 1-dimensional subspace by an affine space. An affine 
i-dimensional subspace is a submanifold of 8" or MP n projectively diffeomor- 
phic to an /-dimensional affine subspace of a complete affine space. A convex 
projective geodesic is a projective geodesic in a real projective orbifold which 
lifts to a projective geodesic, the image of whose composition with a devel¬ 
oping map does not contain a complete real line. A real projective orbifold 
is convex if every path can be homotopied to a convex projective geodesic 
with endpoints fixed. 

In the double cover S' 1 of WP n , an affine space A n is the interior of a 
hemisphere. A domain in or S n is convex if it lies in some affine subspace 
and satisfies the convexity property above. Note that a convex domain in 
MP n lifts to ones in S n up to the antipodal map A. A convex domain in 
S n not containing an antipodal pair maps to one in WP n homeomorphically. 
(Actually from now on, we will only be interested in convex domains in S n .) 
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3. The weak middle eigenvalue conditions for NPCC ends 

We will now study the ends where the transverse real projective structures 
are not properly convex but not projectively diffeomorphic to a complete 
affine subspace. Let £ be a p-R-end of O and let U the corresponding 
p-end-neighborhood in O with the p-end vertex v^. Let Z E denote the 
universal cover of the p-end orbifold Z^ as a domain in 1 . 

In Section 3.1, we will discuss the general setting that the NPCC-ends 
satisfy. In Section 3.2, we will give a plan to prove Theorem 1.1. This will 
be accomplished in Sections 4 and 5. 

3.1. General setting. The closure CI(Z^) contains a great (/’o—l)-dimensional 
sphere and the convex open domain Z^ is foliated by /’o-dimensional hemi¬ 
spheres with this boundary. These follow from Section 1.4 of [9]. (See also 
[21].) Let S^ -1 denote the great (/'o — l)-dimensional sphere in SJr 1 of Z^. 
The space of /'o-dimensional hemispheres in S^r 1 with boundary S^ -1 form 
a projective sphere S' 1- ' 0-1 . The projection 

(1) n^s^-sST 1 

t t 

t~ E —> K° 

gives us an image of Zg- that is the interior K° of a properly convex compact 
set K. 

Let be a great /'o-dimensional sphere in S n containing \i E correspond¬ 
ing to the directions of §^ -1 from v^. The space of (/'o + l)-dimensional 
hemispheres with boundary S 1 ^ again has the structure of the projective 
sphere S' 1- ' 0-1 , identifiable with the above one. We have the projection V\k 
giving us the image K° of a p-end-neighborhood U. 

Each /’o-dimensional hemisphere H'° in 1 with bd H'° = 1 corre¬ 

sponds to an (/'o + l)-dimensional hemisphere H' 0+1 in S n with common 
boundary that contains v^. 

Let SL±(n + 1, M) ; 0 denote the subgroup of Aut(S n ) acting on Sl° and 

^> 00 . V £ 

Voo. The projection V\k induces a homomorphism 

ir K : SL±(n + 1, -A SL±(n - / 0 - 1, M). 

Suppose that is /?(7ri(£))-invariant. We let N be the subgroup of 
/?(7 Ti(£)) of elements inducing trivial actions on S' 7- '' 3-1 . The above exact 
sequence 

(2) 1 —A /V —A /i(tti(£)) N k -a 1 

is so that the kernel normal subgroup N acts trivially on but acts 

on each hemisphere with boundary equal to and acts faithfully by 
the action induced from fl^. 
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Since K is a properly convex domain, K° admits a Hilbert metric <Jk and 
Aut(K') is a subgroup of isometries of K°. Here Nk is a subgroup of the 
group Aut(K') of the group of projective automorphisms of K, and Nk is 
called the semisimple quotient of h{iri(E)) or V E . 

Theorem 3.1. Let Z^ be the end orbifold of an NPCC p-R-end E of a 
strongly tame properly convex n-orbifold O with radial or totally geodesic 
ends. Let O be the universal cover in S n . We consider the induced action 
of /j(tti(E)) on Aut(Sy_ _1 ) for the corresponding end vertex Then 

• Ejt is foliated by complete affine subspaces of dimension /’o, /’o > 0. 

• h(ni(E)) fixes the great sphere §^ _1 of dimension /'o — 1 in 8". 1 . 

• There exists an exact sequence 

1 -> N -> 7T1 (£) % N k -> 1 

where N acts trivially on quotient great sphere S n ~'°~ 1 n k ac t s 
faithfully on a properly convex domain K° in § n ~'o" 1 isometrically 
with respect to the Hilbert metric cIk- 

We denote by T E the foliation on Z^ or the corresponding one in Zg-. 

3.1.1. The main eigenvalue estimations. We denote by the p-end fun¬ 
damental group acting on U fixing v^. Denote the induced foliations on 
Zg- and Zjr by T~ E . For each element g £ Tg-, we dehne length K -(g) to be 
\nf{d K {x, g(x))\x € K°j. 

Definition 3.2. Given an eigenvalue A of an element g 6 SL±(n + 1,M), a 
C-eigenvector v is a nonzero vector in 

RE\(g) := M n+1 n (ker(g; — XI) + ker(g- — XI)), X 0, ImA > 0 

Any element of g has a Jordan decomposition. An irreducible Jordan- 
block corresponds to a unique subspace in C n+1 , called an elementary Jordan 
subspace. We denote by J^y C C n+1 for an eigenvalue /i£C for / in an index 
set. 

• A real elementary Jordan subspace is defined as 

Rfj .,1 := K n+1 n {J tl y + Jpy), pfi 0 ,\<mp > 0 

of Jordan subspaces with J /X y = Jyy in C n+1 . 

• We dehne the real sum of elementary Jordan-block subspaces is de¬ 
fined to be 

© R n J 

iei 

for a hnite collection /. 

• A point [\7], v e M n+1 , is affiliated with a norm p of an eigenvalue if 
v € ®| A | =m ; e / x R\y for a sum of all real elementary Jordan subspaces 

R\,ii E — |A|. 
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Let V^ 1 denote the subspace of M n+1 corresponding to 
ofSU, if 




/+1 


* 


By invariance 


for some finite collection J, then ®( /t ,/)e-/^/Z n always contains a C- 
eigenvector. 


Definition 3.3. Let be the end orbifold of a nonproperly convex and 
p-R-end E of a strongly tame properly convex n-orbifold O with radial or 
totally geodesic ends. Let be the p-end fundamental group. We fix a 
choice of a Jordan decomposition of g for each g G l"^. 

• Let Ai(g-) denote the largest norm of the eigenvalue of g G affili¬ 
ated with v / 0, [i7] S S" - i.e., 

^ e (D ^in(g),i ~ V£ +1 , \m\ = Ai (g) 

(tn{g),i)eJ 

where J indexes all elementary Jordan subspaces of Ai(g). 

• Also, let A n +i(g) denote the smallest one affiliated with a nonzero 
vector v, [\7] G § n — S^, i.e., 

^ G (D R ^n+i{g)J ~ Kx> +1 -1 En+i I = A n+ i(g) 

where J' indexes all real elementary Jordan subspaces of A n+ i(g). 

• Let A(g') be the largest of the norm of the eigenvalue of g with a 
C-eigenvector v, [i7] G and A '(g) the smallest such one. 

(The sums of the Jordan subspaces here are of course well-defined.) 
Suppose that K has a decomposition into K\ * • • • * K) 0 for properly convex 
domains K ;, i = Let Kj,i = l,...,s, be the ones with dimension 

> 2. Nk is virtually isomorphic to a cocompact subgroup of the product 

Z' 0-1 x Ti x • • • x r s 

where T; is obtained from by restricting to K, and A is a free abelian 
group of finite rank. (Note that l~, are not necessarily discrete.) 

The virtual center of is the elements that corresponds to Z /o . 

As in Section 6 of [13], each K) is a properly convex domain or a point by 
Theorem 1.1 of [4], 

We will assume that the p-end fundamental group vri(£) satisfies the weak 
middle eigenvalue condition for NPCC-ends: 

Definition 3.4. Let X(g) denote the largest norm of the eigenvalues of 
g G f~£. Let A u -(g') denote the eigenvalue of g at v^. The weak middle 
eigenvalue condition is that for each element g of 7 Ti(£), 

(3) %) > Ai(g) > A v -(g) 
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Hueristically, this can be considered “transversal middle eigenvalue con¬ 
dition” . 

The following proposition is very important in this article and shows that 
Ai(g') and A fl+ i(g') are true largest and smallest norms of the eigenvalues of 
g . We will sharpen the following to inequality in the discrete and indiscrete 
cases. 

Proposition 3.5. Let Z^ be the end orbifold of a nonproperly convex p-R- 
end E of a strongly tame properly convex n-orbifold O with radial or totally 
geodesic ends. Suppose that O in S n (resp. M.P n ) covers O as a universal 
cover. Let V^ be the p-end fundamental group satisfying the weak middle- 
eigenvalue condition. Let g £ l"^. Then 

Ai (g) > A (g) > A '(g) > A„+i(g) 

holds. 

Proof. We may assume that g is of infinite order. Suppose that A (g) > 
Ai(g'). We have A(g) > A„~(g) by the weak uniform middle eigenvalue 
condition. If A(g) = Av-(g'), then A v ^(g) > Ai (g) contradicts the weak 
uniform middle eigenvalue condition. Thus, A(g) > A V - E (g). 

Now, Ai(g-) < A(g) implies that 

R\( g ) (J) RiiAs)<\p\— Ms) 

is a subspace of \Z^ +1 and corresponds to a great sphere §b Hence, a great 
sphere S 7 , j > 0, in is disjoint from {v^,v^_}. Since v^ £ 8^ is not 
contained in S 7 , we obtain j + 1 < io- 

A vector space Vj corresponds the real sum of Jordan-block subspaces 
where g has strictly smaller norm eigenvalues and is complementary to R\t g \ ■ 
Let Ci = 5(Vi). The great sphere Ci is disjoint from S 7 but Ci contains v^. 
Moreover, Ci is of complementary dimension to S J , i.e., dim Ci = n — j — 1. 

Since Ci is complementary to S' C S^, a complementary subspace C{ to 
§£-, of dimension n — io — 1 is in Q. Considering the sphere Syb 1 at v^, it 
follows that C[ goes to an n— /q — 1-dimensional subspace C" in S^ 1 disjoint 
from dl for any complete affine leaf /. Each complete affine leaf / of has 
the dimension /'o and meets C" in S^A 1 by the dimension consideration. 
Hence, a small ball B' in U meets Ci in its interior. 

For any [v] £ B', v £ M n+1 , v = v\ + v 2 where [vi] £ Ci and [ 1 / 2 ] £ S 7 ■ 
(4) We obtain g k {[v]) = [g k (v 1 ) + g k {v 2 )], 

where we used g to represent the linear transformation of determinant ±1 
as well. By the real Jordan decomposition consideration, the action of g k 
as k —> 00 makes the former vectors very small compared to the latter ones, 
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Figure 1. The figure for the proof of Proposition 3.5. 


i.e., 

Ws k {vi)\\/\\g k (v 2 )\\ -> 0 as k -> oo. 

Hence, g k ([v ]) converges to the limit of g k ([v 2 ]) if it exists. 

Now choose [m/] in C\ n B' and v, [v] E SL We let w\ = [w + ei/] and m /2 = 
[w — ev] in B' for small e > 0. Choose a subsequence {/c,} so that g k '(wi) 
converges to a point of S n . The above estimation shows that {g k '(wi)} and 
{g k ' (m /2 )} converge to an antipodal pair of points in Cl (U) respectively. This 
contradicts the proper convexity of U as g k (B") C U and the geometric limit 
is in CI(H). 

Also the consideration of g -1 completes the inequality. 

□ 

3.2. The plan of the proof of Theorem 1.1. We will show that our 
NPCC-ends are quasi-joined type ones; i.e., we prove Theorem 1.1 by prov¬ 
ing Theorems 4.19 in Section 4 and Theorem 4.18 in Section 5. We divide 
into two case: we study first the case when Nk is discrete and when Nk is 
indiscrete. 

We will discuss some general results. For results in Section 4 except 
for Section 4.5 we do not use a discreteness assumption on the semisimple 
quotient group Nk- We will use Hypotheses 4.4 and 4.12 generalizing our 
situation. 

• We show that T ^ acts as scalar times orthogonal group on J\f as 
realized as an real abelian group M'°. See Lemmas 4.6 and 4.8. This 
is done by computations and coordinate change arguments and the 
distal group theory of Fried [22], 

• We refine the matrix forms in Lemma 4.6 when /i g = 1. Here the 
matrices are in almost desired forms. 

• Proposition 4.11 shows the splitting of the representation of Ba¬ 
sically, one uses the weak middle eigenvalue condition to realize the 
compact (n — /q — l)-dimensional set where acts on. 
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• In Section 4.3, we discuss joins and quasi-joins. The idea is to show 
that the join cannot occur by Propositions 5.6 and 5.7 of [14]. This 
will settle for the cases of discrete Nk by Theorem 4.19 in Section 
4.5. 

In Section 5, we will settle for the cases of indiscrete Nk where we will use 
these methods. 

4. The general theory and the discrete case 

Now, we will be working on projective sphere S n only for while. Suppose 
that the semisimple quotient group Nk is a discrete subgroup of Aut(S n ~' 0 ^ 1 ), 
which is a much simpler case to start. Nk virtually equals the cocompact 
subgroup of the group 

z /o_1 x i"i x • • • x r /o 

since each factor l~; commutes with the other factors and acts trivially on 
Kj for j ^ i as was shown in the proof of Theorem 5.5 of [14] and Nk acts 
cocompactly on K. To begin with we do not assume Nk is discrete until the 
last subsection. 

4.1. Examples. First, we give some examples. 

4.1.1. The standard quadric in M' 0+1 and the group acting on it. Let us 
consider an affine subspace A' 0+1 of §' 0+1 with coordinates xo,xi, ..., x/ 0+ i 
given by xo > 0. The standard quadric in A l0+1 is given by 

x / 0 +i = x i 4 + x f 0 ■ 

Clearly the group of the orthogonal maps 0(/’o) acting on the planes given 
by x; 0+ 1 = const acts on the quadric also. Also, the matrices of the form 



induce and preserve the quadric. They are called the standard cusp group. 

The group of affine transformations that acts on the quadric is exactly the 
Lie group generated by the cusp group and 0(/’o). The action is transitive 
and each of the stabilizer is a conjugate of 0(/'o) by elements of the cusp 
group. 

The proof of this fact is simply that such an affine transformation is 
conjugate to an element a parabolic group in the /o + 1-dimensional complete 
hyperbolic space H where the ideal fixed point is identified with [0,... , 0, 1] G 
§' b+1 and with bd/7 tangent to bdA' 0 . 

A cusp group is a group of projective automorphisms of form 

/ 1 0 0 \ 

(5) N'{v) = v T I / 0 _1 0 T for v G M'° . 

¥ » i ) 
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(see [20] for details.) We can make each translation direction of generators 
of A f in Zg- to be one of the standard vector. Therefore, we can find a 
coordinate system of V' 0+2 so that the generators are of (/'o + 2) x ('0 + 2)- 
matrix forms 



/ 1 0 


(6) 

A/J := e[ 1, 

V 1 

;) 

where (e/)/c 

= 5jk a row /-vector for j — 1,. 

.. , /‘o - That is 



. 0 

5 


4.1.2. Example of joined ends. We first begin with examples. In the follow¬ 
ing, we will explain the joined type end. 

Example 4.1. Let us consider two ends E\, a totally geodesic R-end, with the 
p-end-neighborhood U i in the universal cover of a real projective orbifold 
0\ in S' 1- ' 0-1 of dimension n — /o — 1 with the p-end vertex vi, and E 2 the 
p-end-neighborhood U 2 , a horospherical type one, in the universal cover of 
a real projective orbifold O2 of dimension /'o + 1 with the p-end vertex V2. 

• Let l"i denote the projective automorphism group in Aut( 8 n ~' 0_1 ) 
acting on Ui corresponding to E\. We assume that T 1 acts on a great 
sphere § n-, o -2 c § n “'o~ 1 disjoint from vi. There exists a properly 
convex open domain K' in § n ~'o- 2 where T 1 acts cocompactly but 
not necessarily freely. We change U\ to be the interior of the join of 
K' and Vi. 

• Let r 2 denote the one in Aut(S' 0+1 ) acting on U 2 unipotently and 
hence it is a cusp action. 

• We embed S n_ 'o^ 1 a nd S' 0+1 in S n meeting transversally at v = vi = 
« 2 - 

• We embed U 2 in §' 0+1 and V 2 in Aut(S n ) fixing each point of S n ”' 0_1 . 

• We can embed Ui in § n-, o- 1 an d in Aut(S n ) acting on the em¬ 
bedded U\ so that l"i acts on S' 0 ^ 1 normalizing T2 and acting on U\. 
One can find some such embeddings by finding an arbitrary homo¬ 
morphism p : T 1 —> /V(r 2 ) for a normalizer A/(T2) of Y 2 in Aut(S n ). 

We find an element ( € Aut(S n ) fixing each point of S ' 1 '° 2 and acting 
on §' 0+1 as a unipotent element normalizing Y 2 so that the corresponding 
matrix has only two norms of eigenvalues. Then f centralizes rilS" - '® -2 
and normalizes ^. Let U be the strict join of U\ and U 2 , a properly convex 
domain. U /(gives us a p-R-end of dimension n diffeomorphic to 
51 £1 x Ee 2 x S 1 x M and the transversal real projective manifold is diffeomor¬ 
phic to x Ee 2 x S 1 . We call the results the joined end and the joined 
end-neighborhoods. Those ends with end-neighbor hoods finitely covered by 
these are also called a joined end. The generated group (T 1 , V 2, C) is called 
a joined group. 
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Now we generalize this construction slightly: Suppose that Ti and T 2 
are Lie groups and they have compact stabilizers at points of U\ and U 2 
respectively, and we have a parameter of for t 6 M centralizing T 1 |S” — ' 0—2 
and normalizing Y 2 and restricting to a unipotent action on S'° acting on 
U 2 - The other conditions remain the same. We obtain a joined homogeneous 
action of the semisimple and cusp actions. Let U be the properly convex 
open subset obtained as above as a join of U 1 and U 2 . Let G denote the 
constructed Lie group by taking the embeddings of l"i and V 2 as above. G 
also has a compact stabilizer on U. Given a discrete cocompact subgroup 
of G, we obtained a p-end-neighborhood of a joined p-end by taking the 
quotient of U. An end with an end-neighborhood finitely covered by such a 
one are also called a joined end. 

Remark 4.2. Later we will show this case cannot occur. We will modify 
this construction to a construction of quasi-joined ends to be defined in 
Definition 4.15. Here, Y 2 is not required to act on U 2 . 

We continue the above example to a more specific situation. 

Example 4.3. Let N be as in equation (13). In fact, we let C\ = 0 to simplify 
arguments and let N be a nilpotent group in conjugate to SO(/o + l, 1) acting 
on an /’o-dimensional ellipsoid in §' 0+1 . 

We find a closed properly convex real projective orbifold Y. of dimension 
n — /’o — 2 and find a homomorphism from vri(Z) to a subgroup of Aut(8' 0+1 ) 
normalizing N or even N itself. (We will use a trivial one to begin with. ) 
Using this, we obtain a group T so that 

1 -> n -> r -> 7 ri(z) -a 1. 

Actually, we assume that this is “split”, i.e., 7Ti(51) acts trivially on N. 

We now consider an example where /’o = 1. Let N be 1-dinrensional and 
be generated by A/i as in Equation (7). 



where /'o = 1 and we set Q = 0. 

We take a discrete faithful proximal representation 


h : 7r 1 (5Z) —> GL(n — /q, M) 
acting on a convex cone Cy. in M n_ '°. We define 


h : 7Ti(Z) -a- GL(n + 1, M) 
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by matrices 


( 8 ) 


m = 


h(g) 0 

Mg) 31 (g) 


:) 


\ Ms) c (g) M E (g) ) 


where d\(g ) and d 2 (g) are n — /'o-vectors and g *->• A v ~ (g) is a homomorphism 


as defined above for the p-end vertex and det h(g) 3 i(g)X v . ( g ) = 1. 
(9) 


% _1 ) = = 


Kg) 

Mg) 

_ M(g) 

-c(g)Mg) I 
3 1 (g) X *~ E (g) ’ + " 


-1 

0 

\ 

\ i 

Mg) 

k.)- 1 i‘S 

x *~ E (g) , 

/ Mg) x v E (g) 


o 

i 


\ 

/ 


Then the conjugation of /Vi by h(g) gives us 


( 10 ) 


/ 

V 


I n— / 0 



0 0 

1 0 

1 

Mg) 


\ 


Our condition on the form of N\ shows that (0,0, ... ,0,1) has to be a common 
eigenvector by h(iri(E)) and we also assume that a\(g) = A u ~ (g). (Actually, 
we will study the case when ai(g) > X v ^(g).) The last row of h(g) equals 
(0, A v ~ E {g))- Thus, the semisimple part of h(TTi(E)) is reducible. 

Some further computations show that we can take any 


h : iri(E) —> SL(n — /'o, M) 


with matrices of form 


( 11 ) 


Kg) ■= 


S n -i 0 -i{g) 

0 

0 

0 \ 

0 

M E {g) 

0 

0 

0 

0 

M E {g) 

0 

0 

0 

0 

M E {g) / 


for g G 7Ti(£) — N by a choice of coordinates by the semisimple property of 
the (n — /'o) x (n — /’o)-upper left part of h{g). (Of course, these are not all 
example we wish to consider but we will modify later to quasi-joined ends.) 

Since h(ni(E)) has a common eigenvector, Theorem 1.1 of Benoist [4] 
shows that the open convex domain K that is the image of 11 ^ in this case 
is decomposable and Nk = N' K x Z for another subgroup N[ and the image 
of the homomorphism g £ N' K —»• S n _/ 0 _i(g‘) can be assumed to give a 
discrete projective automorphism group acting properly discontinuously on 
a properly convex subset K' in § n_ 'o^ 2 with a compact quotient. 
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Let £ be the one-dimensional ellipsoid where lower right 3 x 3-matrix of 
Nk acts on. From this, the end is of the join form K'°/ N' K x S 1 x £ jTL by 
taking a double cover if necessary and tt\ (E) is isomorphic to N' K x Z x Z 
up to taking an index two subgroups. (In this case, Nk centralizes Z C N' K 
and the second Z is in the centralizer of V. ) 

We can think of this as the join of K'° / N' K with £/Z as K' and £ are on 
disjoint complementary projective spaces of respective dimensions n — 3 and 
2 to be denoted S(K') and S (£) respectively. 

4.2. Hypotheses to derive the splitting result. These hypotheses will 
help us to obtain the splitting. Afterwards, we will show the NPCC-ends 
with weak middle eigenvalue conditions will satisfy these. 

In Section 4.2.1, we will introduce a standard coordinate system to work 
on, where we introduce the standard nilpotent group J\f = M'° to work 
with. T£ normalizes A f by the hypothesis. Similarity Lemma 4.6 shows 
that the conjugation in J\T by an element of acts as a similarity, a simple 
consequence of the normalization property. We use this similarity and the 
Benoist theory [4] to prove K-is-a-cone Lemma 4.8 that K decomposes into 
a cone {k} * K" where A f has a nice expression for the adopted coordinates. 
(If an orthogonal group acts cocompactly on an open manifold, then the 
manifold is zero-dimensional.) In Section 4.2.2, Splitting Proposition 4.11 
shows that the end fundamental group splits. To do that we find a sequence 
of elements of the virtual center expanding neighborhoods of a copy of K". 
Here, we explicitly find a part corresponding to K" C bd O explicitly and k 
is realized by an (/q + l)-dimensional hemisphere where Af acts on. 


4.2.1. The matrix form of l"^. Let be a p-R-end fundamental group. Let 
V" 0+1 denote the subspace corresponding to containing and V' 0+2 the 
subspace corresponding to §) 0+1 . We choose the coordinate system so that 

V E = [0. • • • ,0,1] 
v - V -' 

n +1 

and points of V' 0+1 and those of V' 0+2 respectively correspond to 


n-i 0 n—io—l 

[ 0 , ... , 0 , *, ■ ■ ■ , *], [ 0 , ... , 0 , *, ■ ■ ■ , *]. 
Since is invariant, g, g £ is of standard form 


S(g) 

S 1 (g) 

0 

0 \ 

s 2 (g) 

3 l(g) 

0 

0 

C l(g) 

Mg) 

Mg) 

0 

V C 2 (g) 

37(g) 

38 (g) 

39(g) ) 


where S(g) is an (n — /'o — 1) x (n — /'o — l)-matrix and si(g) is an (n — /'o — 1)- 
column vector, S 2 (g) and 02 (g) are (n — /q — l)-row vectors, C\(g) is an 
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/'o x (n — /'o — l)-matrix, 34 (g) is an /'o-column vectors, Ag(g) is an /'o x /'o- 
matrix, a%(g) is an /'o-row vector, and a\(g), 37 (g), and 3g(g) are scalars. 
Denote 


S(g) 


s{g ) Si(g) 

S2{g) Site) 


and is called a semisimple part of g. 

Let M be a unipotent group acting on §§3 and inducing I on S n ~'o - 1 a l so 
restricting to a cusp group for at least one great (/'o + l)-dimensional sphere 
S ' b+1 containing S^. 

We can write each element g G AA as an (n + 1) x (n + l)-matrix 


(13) 


^ I A7 — /’o — 1 
0 

\ Q 


0 

0 

Ufr 


where C g > 0 is an (/q + 1) x (n —/q — l)-matrix, U g is a unipotent (/q + 1)x (' 0 + 
l)-matrix, 0 indicates various zero row or column vectors, 0 denotes the zero 
row-vector of dimension n — /'o — 1, and is the (n — /'o — 1) x (n — /'o — 1) 

identity-matrix. This follows since g acts trivially on M n+ 1 /V " 0 " , ~ 1 and g acts 
as a unipotent matrix on the subspace V' 0+2 . 

For v G M'° , we define 


(14) 


M{v) : = 


0 

1 

.0 

1 

c 


0 

0 

... 0 

0 1 


0 

0 

... 0 

ci(v) vi 


1 

0 

... 0 

c 2 {v) v 2 


0 

1 

... 0 

V c io+ i(v) §||?| 

2 

Vl 

v 2 

... 1 

II 

<4-< 

O 

Vi) G M'°. 

We 

assume 


AA := {AA(v)|vGM''°} 


is a group, which must be nilpotent. The elements of our nilpotent group 
M are of this form since M{v) is the product ■ By the way we 

defined this, for each k, k — 1 ,..., /’o, Q : M'° —>• are linear functions 

of v defined as 

Jo 

Ck{v) = ?kjVj for v = K V 2 ,..., v io ) 

1=1 

so that we form a group. (We do not need the property of c; 0+ i at the 
moment.) 

We denote by Ci(v) the (n — /’o — 1) x /'o-matrix given by the matrix with 
rows cj(v) for j = 1,... , /‘o and by 02 ( 1 ?) the row ( n — /'o — l)-vector c; 0 +i(i7). 
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The lower-right (/'o + 2) x (/'o + 2)-matrix is form is called the standard cusp 
matrix form. 

The assumptions for this subsection are as follows: 

Hypothesis 4.4. • Let K be defined as above for a p-R-end E. Assume 

that K°/Nk is a compact set. 

• l"g- satisfies the weak middle eigenvalue condition. And elements 
are in the matrix form of equation ( 12 ) under a common coordinate 
system. 

• A group N of form (14) acts on each hemisphere with boundary 
and fixes 6 

• The p-end fundamental group T jt normalizes J\f also in the above 
coordinate system. 

• M acts on a p-end neighborhood U of E. 

• M acts on the space of /o-dimensional leaves of Z^ by an induced 
action. 

Let U be a p-end neighborhood of E. Let I' be an /’o-dimensional leaf 
of Ejt. The consideration of the projection V\k shows us that the leaf I' 
corresponds to a hemisphere H'f +1 where 

{h;° +1 -s*)n u^Q) 

holds. 

Lemma 4.5 (Cusp). Assume Hypothesis 4-4■ Let I' be an /’o- dimensional 
leaf of fig. Let H'f +1 denote the io + l-dimensional hemisphere with boundary 
corresponding to I'. Then M acts on the open ball Ur in U bounded by 
an ellipsoid in a component of El'° +1 — . 

Proof. Since I' is an /’o + 1-dimensional leaf of Z^, we obtain H'f n L/0. 
Let J r := H‘f +1 n U ± 0. 

I' corresponds to an interior point of K. We need to change coordinates of 
gn—/ 0 —i go ^j ia ^ j> goes to [0, 0, ..., 1] under V\k- This involves the coordinate 
changes of the first n — /q coordinates. Now, we can restrict g to H‘ft +1 so 
that the matrix form is truly what acts on A//. 

Using equation (14) and the fact that c;, / = 1,..., /'o are linear on v, we 
obtain that each g € M then has the form in Et'f} +1 as 

f 1 0 0 ^ 

L(v T ) l , 0 0 

\ K (v) v 1 

since the S^-part, i.e., the last /q + 1 coordinates, is not changed from one 
for equation (14) where L : W° —> M'° is a linear map. The linearity of L is 
the consequence of the group property, k : M'° —> M is some function. We 
consider L as an /q x /’o-matrix. 
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If there exists a kernel K\ of L, then we use tv € K\ — {0} and as t —>• oo, 
we can show that AT(Jr) cannot be properly convex. 

Also, since J\f is abelian, the computations of 


Af{v)M{w) —Af(w)Af(v) 

shows that vLw T = wLv T for every pair of vectors v and w in M'°. Thus, L 
is a symmetric matrix. 

We may obtain new coordinates x„_; 0 + i,... , x„ by taking linear combina¬ 
tions of these. Since L hence is nonsingular, we can find new coordinates 
x„_; 0 + 1 ,..., x„ so that M is now of standard form: We conjugate M by 

^10 0^ 

0 A 0 

1° 0 

for nonsingular A. We obtain 

( \ 0 0 N 
ALv t l /o 0 
y k(v) vA~ 1 1 j 


We thus need to solve for A 1 A 1T = L, which can be done. 
We can factorize each element of A f into forms 


( 1 0 
0 l/o 

V «(?) ~^r 0 

Again, by the group property, 07 (v) 
a .7 : M'° — > M. Hence 0 : 7 ( 1 /) = n a ■ v 
the matrix 


0 0 


V 


■'0 

V 


\= k(v) — gives us a linear function 
for K a G W°. Now, we conjugate Af by 


f 1 0 0 ^ 

0 i /0 0 

y 0 k q 1 J 

and this will put A f into the standard form. 

Now it is clear that the orbit of M{xq) for a point xo of J// is an ellipsoid 
with a point removed, as we can conjugate so that the first column entries 
from the second one to the (/’o + l)-th one equals those of the last row. Since 
Cl (U) is AAinvariant, we obtain that AA(xq) C Jr . 


□ 


Let as(g) denote |det(A|)| 'b. Define // g := for g & V^ from 

Lemma 4.6. 



ENDS OF REAL PROJECTIVE ORBIFOLDS III 


21 


Lemma 4.6 (Similarity). Assume Hypothesis 4-4- Then any element g € 
T£ induces an (/'o x /’o) -matrix M g given by 

gAf^g^ 1 —J\f(vM g ) where 

M g = tt-vC^sU ))" 1 = PgO^gY 1 

«3l [g ) 

for 0$(g) in a compact Lie group G£, and the following hold. 

• {ab(g)) 2 = a 1 (g)a 9 (g) or equivalently 

• Finally, ai(g), a$(g), and a 9 (g) are all nonzero. 


Proof. Since the conjugation by g sends elements of Af to itself in a one- 
to-one manner, the correspondence between the set of v for A f and v' is 
one-to-one. 

Since we have gAT(v) = Af(v')g for vectors v and v' in M'° by Hypothesis 
4.4, we consider 


(15) 

/ 


' S(g) 

Sl(g) 

0 

0 

s 2 (g) 

3l(g) 

0 

0 

Cl (g) 

34(g) 

Mg) 

0 

c 2 (g) 

37(g) 

33 (g) 

39 (g) 


\ ( 


ln-/ 0 -l 

0 

0 

0 

0 

1 

0 

0 

Ci(v) 

v T 

l/o 

0 

C 2 (v) 

IHI 2 

2 

V 

1 


J 

where C\(v) is an (n — i 9 — 1) x /’o-matrix where each row is a linear function 
of v, C 2 (v) is a (n — /’o — l)-row vector, and v is an /’o-row vector. This must 
equal the following matrix for some v'eR 
(16) 

/ 1 • , I n In n \ / c („\ I n I n \ 


1 n— /b— 1 

0 

0 

0 

0 

1 

0 

0 

CM) 

v’ 1 

l-o 

0 

C 2 (v') 

Ill'll 2 

2 

v' 

1 


S(g) 

Sl(g) 

0 

0 

s 2 (g) 

3l(g) 

0 

0 

Cl (g) 

34(g) 

Mg) 

0 

c 2 (g) 

37(g) 

33 (g) 

39 (g) 


From equation (15), we compute the (4, 3)-block of the result to be a^(g) + 
a 9 (g)v. From Equation (16), the (4, 3)-block is v'A$(g) + a%(g). We obtain 
the relation a 9 (g)v = v'A^(g) for every v. Since the correspondence between 
v and v' is one-to-one, we obtain 

(17) v' = a 9 (g)v(A 5 (g)r 1 


for the /'o x /’o-matrix A$(g) and we also infer a 9 (g) / 0 and det(/4s(g)) / 0. 
The (3, 2)-block of the result of Equation (15) equals 

a 4 (g) + A 5 (g)v T 

The (3, 2)-block of the result of equation (16) equals 
(18) Ci('7 / ) s i(g’) + a i(g)v ,T + a 4(g)- 
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Thus, 

(19) A 5 (g)v T = Ci(v%(g) + a\(g)v' T . 

For each g, we can choose a coordinate system so that si(g') = 0 as 
5(g) is semisimple, which involves the coordinate changes of the first n — /'o 
coordinate functions only. 

Since J\f acts on S;° +1 for some leaf !' as a cusp group by Lemma 4.5, 
there exists a coordinate change involving the last (/'o + l)-coordinates 

x n— /o+li ■■■ * x m x n +1 

so that the matrix form of the lower-right (/'o + 2) x (/’o + 2)-matrix of each 
element A f is of the standard cusp form. This will not affect si(g) = 0 as 
we can check from the proof of Lemma 4.5 as the change involves the above 
coordinates only. Denote this coordinate system by <4 ) g ,i'. 

Let us use Q>gj' for a while using primes for new set of coordinates func¬ 
tions. Now A' b (g) is conjugate to A^(g) as we can check in the proof of 
Lemma 4.5. Under this coordinate system for given g. we obtain a[(g) ^ 0 
and we can recompute to show that a' Q (g)v = v'A' 5 (g ) for every v as in 
equation (17). By equation (19) recomputed for this case, we obtain 

( 20 ) ;' = a_^ {s) ) t 

as s^g) = 0 here since we are using the coordinate system Since this 

holds for every v 6 M'°, we obtain 

4 («)(^ te )) _1 = U ^ C ' bG ?)) 7 

Hellce € 0( '°^ Also ’ 

a 9 (g) = a 5 (g) 

a 5 U) a i(s)' 

Here, A'^(g) is a conjugate of the original matrix /^(g) by linear coordinate 
changes as we can see from the above processes to obtain the new coordinate 
system. 

This implies that the original matrix A$(g) is conjugate to an orthogonal 
matrix multiplied by a positive scalar for every g. The set of matrices 
{^(gOlg £ forms a group since every g is of a standard matrix form 
(see equation (12)). Given such a group of matrices normalized to have 
determinant ±1, we obtain a compact group 

G e := I- T A 5(g) 

{ | det/\ 5 (g-)|'o 

by Lemma 4.7. This group has a coordinate system where every element is 
orthogonal by a coordinate change of coordinates x n _; 0+ i,..., x n . 

□ 
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Lemma 4.7. Suppose that G is a subgroup of a linear group GL(/'o,M) where 
each element is conjugate to an orthogonal element. Then G is a compact 
group. 

Proof. Clearly, the norms of eigenvalues of g G G are all 1. G is virtually 
an orthopotent group by [19] or [31]. Since the group is linear and for each 
element g, {g n \n £ Z} is a bounded collection of matrices, G is a subgroup 
of an orthogonal group under a coordinate system. □ 

We denote by (Ci(\7), v T ) the matrix obtained from Ci(i7) by adding a 
column vector v T . 


Lemma 4.8 (K is a cone). Assume Hypothesis 4-4- Then the following 
hold: 

• K is a cone over a totally geodesic (n — /’o — 2)-dimensional domain 

K". 

• The rows of (Ci(v), v T ) are proportional to a single vector and we 
can find a coordinate system where G\(v) = 0 not changing any 
entries of the lower-right (/'o+2)x (io + 2)-submatrices for all v G M'°. 

• We can find a common coordinate system where 

(21) 05 (g )" 1 = 0 5 (g) r , 0 5 (g) G O(/ 0 ),si(g) = s 2 (g) = 0 for all g eV~ E . 

• In this coordinate system, we have 

(22) ag(g)c 2 (v) = c 2 {p g vO b {gy 1 )S(g) + p g v 05 (g )- 1 C^g). 

Proof. The assumption implies that M g = p g 05 (g )" 1 by Lemma 4.6. We 
consider the equation 

(23) gA^i/k" 1 =Af{fi g v0 5 {gy 1 ). 

We change to 

(24) gAf{v) =Af{p g v0 5 {g)~ 1 )g. 

Considering the lower left (n — /’o) x (/'o +1 )-matrix of the left side of equation 

(24) , we obtain 

(25) 


Ci(g) 24(g) 

ci(g) 37(g) 


+ 


35k)0 5 (g)Ci(i7) a 5 (g)0 5 (g)v 

3 8 (g)Ci(i7) + a 9 c 2 (i7) a 8 (g)- v T + a 9 (g) v ■ v/2 


where the entry sizes are clear. From the right side of equation (24), we 
obtain 


-l, T $T 


Ci{p g vO b {g) x ) Hg0 5 (g) 
c 2 {p g v0 5 {g)- 1 ) v-v/2 

Oi(g) 34 (g) 

V- Ci(g) + c 2 (g) 3 7 (g) + v ■ a 4 (g) 


S(g)+ 


( 26 ) 
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From the top rows of equations (25) and (26), we obtain that 
35 (g) 0 5 (g)C 1 (v), a 5 (g)0 5 (g)v T ^J = 

1 -igCi (vO^g)" 1 ) ,n g 0 5 {g)- 1 T v T )S(g). 


(27) 


We multiplied the both sides by 05 (g) 1 from the right and by S(g) 1 from 
the left to obtain 

35 (g)Ci(v), a 5 (g)v T ^\S(g^ 1 ) = 


(28) 


M g0 5 (g) 1 C 1 (v0 5 (g) L ),fi g 0 5 (g) 1 0 5 (g ) 


-U 




^■ T V T 


Let us form the subspace \/c in the dual sphere R n- '°* spanned by row vec¬ 
tors of (Ci(i7), v T ). Let denote the corresponding subspace in § n -'o-i*. 
Then 

— . 1 1 S(g)\g er- E 

det S(g) n - i o~ 1 

acts on Vc as a group of bounded linear automorphisms since 0$(g) £ G 
for a compact group G. Therefore, {S(g)|g £ l"^} on S£ is in a compact 
group of projective automorphisms by equation (28). 

We recall that the dual group N* K of Nk acts on the properly convex dual 
domain K* of K by Theorem 6.2. Then g acts as an element of a compact 
group on §£-. Thus, N* K is reducible. 

We claim that dim(S)j-) = 0. Let S* M be the maximal invariant subspace 
containing 8)2 where each g £ N* K acts orthogonally. Now, we apply the 
theory of Benoist [5]. Since N^ is semisimple, N* K acts on a complementary 
subspace of S* N . K* has an invariant subspace Kj* and K£ so that we have 
strict join 

K* = K{ * Kl where dim K{ = dim S* M , dim K% = dim S* N 

where 

Kl = K* n S* M , Kl = K* n S* w . 

Also, N* k is isomorphic to a cocompact subgroup of 

Nk 1 x Nk,2 x A, A c M 

and N K i acts on a properly convex domain that is the interior of K* properly 
and cocompactly for / = 1,2. But since ,1 acts orthogonally on 8 m, the 
only possibility is that dimS/v? = 0. Hence, dim Sc = 0. 

Rows of (Ci(i/) T v T ) are elements of the 1-dimensional subspace in M" - ' 0-1 * 
corresponding to S£-. Therefore this shows that the rows of (Ci(i7), v T ) are 
proportional to a single row vector. 

Since (Ci(ej), ej) has 0 as the last column element except for the j th one, 
only the j th row of Ci(ej) is nonzero. Let Ci(l, ei) be the first row of Ci(ei). 
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Thus, each row of (Ci(e/), ej) equals to a scalar multiple of (Ci(l, ei), 1) for 
every j. Now we can choose coordinates of so that this row vector 

now has a coordinate (0, ... ,0, 1). We can also choose so that is given 
by setting the last coordinate be zero. With this change, we need to do 
conjugation by matrices with the top left (n — /'o — 1) x (n — io — l)-submatrix 
being different from I and the rest of the entries staying the same. This 
will not affect the expressions of matrices of lower right (/'o + 2) x ('o + 2)- 
matrices involved here. Thus, Ci (\7) = 0 in this coordinate for all v E M'° 

n-io 

and g 6 — N. Also, [0, .... 0,1] is an eigenvector of every elements of N* K . 

n-io 

The hyperspace containing is also A/^-invariant. Thus, [0,... ,0,1] 
corresponds to an eigenvector of every elements of A//<. 

And in this coordinate system, K is a strict join of a point 


n-io 

k = [ 0 ,..., 0 , 1 ] 

and a domain K" given by setting x„_/ 0 = 0 in a totally geodesic sphere of 
dimension n — i q — 2 by duality. We also obtain 

si(£) = o.s 2 te) = o. 

For the final item we have under our coordinate system. 

0 0 ^ 

0 0 

35{g)0 5 {g) 0 

aste) a 9 te) 

0 0 0 N 

1 0 0 

v T I 0 

lltell 2 * 1 ) 

Here we might need to change the last /'o coordinates as done in the last part 
of the proof of Lemma 4.5. 

The normalization of A f shows as in the proof of Lemma 4.6 that 0${g) is 
orthogonal now. (See equations (17) and (19).) By equation (23), we have 

gM{v) = Af{v')g, v' = figvO^g)- 1 . 


(29) 


g = 


( S(g) 0 

o 3i(g) 

Ci(g) 3 4 te) 

V C2 te) 37 te) 


(30) 


A7(v) = 


( I 

0 
0 

V c 2{v) 
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We consider the lower-right (/o + l)x(n — /'o)-submatrices of gM(v) and 
Al(v')g. For the first one, we obtain 


l Cl (g) 34 (g) \ + ( 3 5 (g)0 5 (g) 0 W 0 v T \ 

V C 2(g) 3 7 (g) ) ^ 3 8 (g) ag(g) ) ^ C 2 (v) \\\v\\ 2 ) 

For M(v')g , we obtain 

/ 0 v ,T \ ( s( g ) 0 \ / 1 0 \ ( Ci (e) Mg) \ 

\ MM 2 11 ^11 2 / V 0 31 te) / \ 'C 1 / V c ^g) 3 9 (g) ) 

Considering (2, l)-blocks, we obtain 

C2(g) + 3 9 (g)c 2 ( v) = c 2 (v')S(g) + v' C\(g) + c 2 (g). 


□ 


Lemma 4.9. Assume Hypothesis 4-4■ Then we can find coordinates so that 
the following holds for all g : 

(31) 

05 (g)- 1 34 (g) = a s (g) T or 3 4 (g) T 0 5 (g) = a 8 (g), 

35(g) 3 5 (g) 

(32) If n g = 1, then a^g) = a 9 (g) = \ v ~ E (g) and A 5 (g) = K~ E (g)0 5 (g). 

Proof. Again, we use equations (15) and (16). We need to only consider 
lower right (/q + 2) x (/q + 2)-matrices. 


(33) 


( 34 ) 


( 3l(g) 

0 

0 ^ 


( 1 0 0^ 

34(g) 

35(£)0 5 (£) 

0 


v T 1 0 

\ 37 (g) 

38(g) 

39 (g) J 


V 5ll' ; ll 2 17 1 

( 

3l(g) 


0 


34 (g) + a 5 (g)C> 5 (g)v T a 5 (g)0 5 (g) 0 

y 37 (g) + a 8 (g)v T + Mfi\\v \\ 2 a 8 (g) + a 9 (g)v a 9 (g)j 
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This equals 

{ 1 


(35) 


V IH-'II 2 


(36) = 


0 0 
I 0 

v' 1 


\ 


( 


£i(g) 11112 

2 Ir II 


31 (g) 0 0 

34 (g) 3$ (g) Og 0 

) \ 37(g) 33(g) 39(g) ) 

3l(g) 0 

3 i(g)v ,T + a 4 (g) a 5 (g)0 5 (g) 

+ v'a 4 (g ) + a 7 (g) a 5 (g)v'0 5 (g) + a 8 (g ) 


0 N 
0 

39 (g) 


Then by comparing the (3, 2)-blocks, we obtain 


33 (g) + 39 (g) v = a 8 (g) + a 5 (g)v'0 5 (g). 

Thus, v = ^v'0 5 (g). 

From the (3, l)-blocks, we obtain 

ai(g)v ' ■ v' /2 + v'a 4 (g) = a 8 (g)v T + a 9 (g)v ■ v/2. 


Since the quadratic forms have to equal each other, we obtain 


39 (g) 

35 (g) 


vO b (g) 1 


■ 34(g) 


v ■ a 8 (g) for all v G M'°. 


Thus, 7TJj(°5(s) T a *(g)) T = a s(gV- 

Since we have n g — 1, we obtain a\(g) = ag(g) = a$(g) = X v ~ E (g) and 
A 5 (g) = X v -(g)0 5 (g) by Lemma 4.6. Also, a x (g) = a 9 (g) = a 5 (g) = A v ~(g). 

□ 


Thus, we conclude that each g E f ^ has the form 


(37) 


’ s(*) 

0 

0 

0 

0 

3l(g) 

0 

0 

Ol(g) 

3l(g)Vg 

35 (g) 03 (g) 

0 

C 2 (g) 

37(g) 

a 5 (g)v g 0 5 (g) 

39(g) 


Thus, when fi g = 1 for all g 6 by taking a finite index subgroup of 
l"£, we conclude that each g 6 T ^ has the form 


(38) 


' S(g) 

0 

Ci(g) 

\ C 2 (g) 


0 


K E (g) 

Av - E (g)vJ 

3j(g) 


0 

0 

'Mg)Qs(g) 

X * E (g)Vg°5(g) 


0 

0 

0 


\ 


K~ E (g) ) 
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Corollary 4.10. If g of form of equation (37) centralizes a Zariski dense 
subset A! of M, then /a g = 1 and 05 (g) = l; 0 . 

Proof. J\f is isomorphic to M'°. The subset A" of M'° corresponding to A! is 
also Zariski dense in M'°. gJ\T(v) = N(v)g shows that v = v 05 (g) for all 
v £ A". Hence 05 (g) = I. □ 

4.2.2. Splitting the NPCC end. 

Proposition 4.11 (Splitting). Assume Hypothesis 4-4■ Suppose addition¬ 
ally the following: 

• Suppose that 3 i(g) > 35 (g), a 9 ^ whenever 3 i(g) is the largest eigen¬ 
value of the semisimple part S(g) of g. 

• K = {k} = 1 = K" a strict join, and K°/Nk is compact. 

• A center of Y ^ maps to Nk going to a Zariski dense group of the 
virtual center of Aut(K'). 

Then K" embeds projectively in the closure of bdO invariant under Y and 
one can find a coordinate system so that for every M(v) and each element 
g of I" £ is written so that 

• C\(v ) = 0, C 2 (v) = 0, and 

• Q(g) = 0 and c 2 (g ) = 0. 

Proof. Let Y'^ denote the finite index subgroup of centralizing J\f and a 
product of cyclic and hyperbolic groups. 

The cone K is foliated by open lines from a point k € K to points of K". 
Call these k-radial lines. Take such a line / and a sequence of points {k m } 
in K° so that 

k m k 00 £ IA"° as m —>• 00 . 

By the last condition, contains a sequence { 7 m } in the virtual center so 
that 

• 'Ym(km) ^ Xo £ K , 

• 7m(<9i/) —>■ koo e K"° for the endpoint dil of / in K". 

Since K" is properly convex, { 7 m \K"} is a bounded sequence of transfor¬ 
mations and hence 7 m is of form: 

s m 0 m 0 0 0 \ 

0 ai (g) _ 0 _ 0 

Qjg) ai(g)vj 35 (g) 0 5 (g) _ 0 

<z{g) Mg) a 5 (g)v g 05 (g) 39 (g) / 

where {O m } is a bounded sequence of matrices in 

Aut(K") C SL±(n — / 0 - 1, M) 

since the set of projective automorphisms of K" moving interior points uni¬ 
formly bounded distances is bounded. 
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We choose m so that the norms of eigenvalues of S m 0 m are strictly much 
smaller than the norm of X m , the unique norm of the eigenvalues of the 
lower-right (/'o H-2) x (/'o + 2)-matrix. We fix one such rriQ. Let S(K" ) denote 
the 7 m 0 -invariant subspace corresponding to subspaces associated with the 
real sum of the real Jordan-block subspaces with norms of eigenvalues < 
A mo . We choose a coordinate system of § n so that j mo is of form so that 
Ci mo = 0, C 2 , mo = 0. Then a compact proper convex domain /(" in S(K’" ) 
maps to K" under under the projection 14 k : S n_ '° . 

Since every element g of V'~ E commutes with 7 m , g(S(K" g )) = S(K^ g ) by 
considering the Jordan blocks associated with eigenvalues < X m . Since 
is the unique space mapping to K ", we obtain that I"-. acts on /<" o . 

Since Tis finite, we obtain finitely many sets of form g(K^ 0 ) for g G 
TIf they are not identical, at least one g' satisfies g'{K^ ) / K"" Q . Then 
7 m 0 {s'{^m 0 )) then produces infinitely many distinct sets of form g(/<" 0 ), 
which is a contradiction. Hence g(K'^ Q ) = K ^ 0 for all g G Tg-. This implies 
that Ci(g) = 0 and C 2 (g) = 0. 

□ 

4.3. Joins and quasi-joined ends for n = 1. We will now discuss about 
joins and their generalizations in depth in this subsection. That is we will 
only consider when n g = 1 for all g G . We will use a hypothesis and 
later show that the hypothesis is true in our cases to prove the main results. 

Hypothesis 4.12 (p g = 1). Let G be a p-end fundamental group. We continue 
to assume as in Hypothesis 4.4 for G. 

• Every g G T -> M g is so that M g is in a fixed compact group 0(/’o). 
Thus, n g = 1 identically. 

• G acts on the subspace containing and the properly con¬ 
vex domain K"' in the subspace § n ~'o ~ 2 disjoint from mapping 
homeomorphic to the factor K" = {k} * K under 14^. 

• A f acts on these two subspaces fixing every points of E> n ~'°~ 2 . 

We assume to have coordinates [0,..., 0,1]. § n ~ , o~ 2 contains the stan¬ 
dard points [e,-] for / = 1 ,..., n — /'o — 1 and §' 0+1 contains [e,] for / = 
n— /‘o, ..., n + 1. Let H be the open rt -hemisphere defined by x n _; 0 > 0. Then 
by convexity of 17, we can choose H so that tX CZ H and CZ CI(W). 

By Hypothesis 4.12, elements of J\f have the form of equation (14) with 

Ci(i?) = 0, c 2 {v) = 0 for all v G R'° 
and the group G of form of equation (38) with 

Si(g) = 0, S 2 (gr) = 0, Ci(ff) = 0, and c 2 (g) = 0. 

We assume further that 05 (g) = l; 0 . 

Again we recall the projection 14 k ■ S n — S'^ —>■ § n ~' 0-1 . G has an induced 
action on anc l ac tg on a properly convex set K" in so that K 
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Figure 2. A figure of a quasi-joined p-R-end-neighborhood 


equals a strict join k*K" for k corresponding to §' 0+1 . (Recall the projection 
toS"-'^ 1 . ) 


We define invariants from the form of equation (38) 


017 (g) := 


Mg) 

Av-(ff) 


for every g £ G. 

a-i(g n ) = naj(g) and atj(gh) = 0:7 (g) + a-[(h), whenever g, h, gh £ G. 

Here ay(g) is determined by factoring the matrix of g into commuting 
matrices of form 


(40) 


In—/b-l 

0 

0 

0 

0 

1 

0 

0 

0 

0 

I/O 

0 

0 

017 (g) 

0 

1 


5, 

0 

0 

0 

0 

**- E (g) 

0 

0 

0 

K- E (g)v g 

A v - E (g)0 5 (g) 

0 

0 

a v £ (s)« 

K- E (g)v g 0 5 (g) 

A v~ E (g) 


Remark 4.13. We give a bit more explanations. Recall that the space of 
segments in a hemisphere H' 0+1 with the vertices V£,V£_ forms an affine 
space A 1 one-dimension lower, and the group Aut (H' 0+1 ) v& of projective 
automorphism of the hemisphere fixing v^. maps to Aff(A">) with kernel K 
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equal to transformations of an (/'o + 2) X (/’o + 2)-matrix form 



(l 

0 

0 

(41) 

0 

I/O 

0 


\ b 

0 

1 


where is given coordinates [0,0,, 1] and a center point of H'° +1 the 
coordinates [1,0.0], In other words the transformations are of form 


(42) 


1 


1 

Xl 


Xl 


1— y 


x h 


Xi 0 

x 'o+l 


x i 0 + 1 + b 


and hence b determines the kernel element. Hence a-j(g) indicates the trans¬ 
lation towards = [0.1]. 


We assumed n = 1. We define A k(g) := K E (g) for k. We define A K"{g) 
to be the maximal norm of the eigenvalue occurring for S(g). 

We define G + to be a subset of G consisting of elements g so that the 
largest norm Ai(g) of the eigenvalues occurs at the vertex k, i.e., Ai(g) = 
A k(g)- Then since fi g = 1 , we necessarily have Ai(g") = A v ~ E (g) with all other 
norms of the eigenvalues occurring at K" is strictly less than A v E (g). The 
second largest norm A 2 (g) equals A K"(g)- Thus, G + is a semigroup. The 
condition that 07(g) > 0 for g G G + is said to be the nonnegative translation 
condition. 

Again, we define 


Mff) : = 


07(g) 

lo §w 


where A 2 (g) denote the second largest norm of the eigenvalues of g and we 
restrict g G G + . The condition 


(43) [17 (g) > Gq , g G G + for a uniform constant Cq 


is called the uniform positive translation condition. (Heuristically, the con¬ 
dition means that we don’t translate in the negative direction by too much 

for bounded (' E / g ( 

Ms) 

Suppose that G is a p-end fundamental group. 

For this proposition, we do not assume Nk is discrete. The assumptions 
below are just Hypotheses 4.4 and 4.12. We fully state for a change. 


Proposition 4.14 (Quasi-joins). Let be the end orbifold of an NPCC 
R-end E of a strongly tame properly convex n-orbifold O. Let G be the p-end 
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fundamental group. Let E be an NPCC p-R-end and G and M acts on a 
p-end-neighborhood U fixing v^. Let K, K ", and §' 0+1 be as above. We 
assume that K° / G is compact, K = K" * k in § n ~'° with k corresponding to 
g/°+i unc [ er ih e projection n k- Assume that 

• G satisfies the weak middle-eigenvalue condition. 

• tig — 1 for all g € G . 

• Elements of G and M are of form of equations (29) and (30). with 

Ci(v) = 0, c 2 (v) = 0, Ci(gr) = 0, c 2 {g) = 0 
for every v € R'° and g € G . 

• G normalizes M, and M acts on U and each leaf of ofT^. 

Then 

(i) The condition aj > 0 is a necessary condition that G acts on a 
properly convex domain in H. 

(ii) The uniform positive translation condition is equivalent to the ex¬ 
istence of a properly convex p-end-neighborhood U' whose closure 
meets 8(° +1 at only. 

(iii) ay is identically zero if and only if U is a join and U is properly 
convex. 

Proof. Let H be a hemisphere containing U where dH contains S'^. A n := H° 
is an affine space. Let Hi denote the hemisphere with boundary and 
corresponding to a leaf / of the foliation on Let T denote the leaf space. 
We first projectively identify 

U H° = K° x M'° +1 C M” 
leT 

for a product of a bounded convex set in an affine space equivalent to K° 
multiplied by a complete affine space of dimension /’o + 1 in an affine space 
given by H°. Each of £/ := H/ n U is given by 

X n +1 > x n-i 0 +l ■+- 1 - x n + Cl 

since J\f acts on each where C/ is a constant depending on / and U. (See 
Section 4.1.1.) 

Let fl, 0 : U —> M ' 0+1 be the projection to the last /'o + 1 coordinates 
x„_; 0 + 1 ,... ,x n+ \. We obtain a commutative diagram and an induced L g 

H, g(H,) 

n /0 -i- n /o ; 

(44) M' b M'°. 

By Equation (40), L g preserves the quadric above in the form of the projec¬ 
tion up to translations in the x n+ i-axis direction. 
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Suppose that G acts with a uniform positive translation condition. Given 
a point x = [v] G 1/ C 8 n where v — v s + where v s is in the direction of 
K" and v k is in one of H‘ 0+1 . If g G G+, then we obtain 

(45) g[v] = [gv s + gv h ] where [gi/ s ] G K" and [gv h \ G H k . 


by equation (40). 

(i) Suppose that a 7 (g) < 0 for some g G G+- Let k' G K°. Then the 
action by g gives us that {g n (E k r)} converges geometrically to an (/'o + 1)- 
dimensional hemisphere since aj(g n ) -A —oo as n -A oo implies that g 

translates the affine space H£, a component to H° n , k „ toward [- 1,0 . 0 ] 

in the above coordinate system by equation (40). Thus, G cannot act on a 
properly convex domain. 

(ii) Let x G U. By assumption, T£ acts on K = K" * {/c}. Choose an 
element ij G G + so that Ai(r/) > A 2 (i?) where Ai(?/) correspond to a vertex 
k and A 2 (?y) is associated with K" , and let F be the fundamental domain 
in K° with respect to ( 77 ). This corresponds to a radial subset F from 
bounded away at a distance from K" in U. 

Choose x 0 G F. Let G F := {g G G|g(x 0 ) G F}. For g G G F , 


log 


Ayg(g) 
A K" (g) 


< g f 


where C F > 0 is a number depending of F only. Given g G G F , we can 
find a number /'o independent of g such that rj lo g G G + . Then «7 {t]'°g) is 
bounded below by some negative number. Since aj(r] lo g ) = /oa 7 (r/) + 017{g), 
we obtain 


(46) {a 7 (g)\g G G f } > C > 0 

for a constant C by the uniform positive translation condition. In the above 
affine coordinates for k' G F of equation (44), 

Xn+l{H° k , nu)> c 

for a uniform constant C G K by equations (46) and (40) since F is covered 
by Ugec F sU) l° r a compact fundamental domain J of K° by Nk- 
Let D f be the convex hull of Ug-'eG F s{Fl k , PI U). Since by above 

U s( H ° k , n U) 

g'&G F 

is a lower-x n+ i-bounded set, D F as a lower-x„ + i-bounded subset of K x 
M ' 0+1 C M n . Therefore, the convex hull D F in Cl (O) is a properly convex 
set. 

Note that K" * {v^-} — {v^} identifies with 

K" x [0, 00 ) cKxl 
in the above identification. Since 

0 : 7 ( 77 ') = ia 7 {i]) —> +00 as / —> 00 , 
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we obtain that 

W{Df -)} -> {ve} for / ->• oo 

geometrically, i.e., under the Hausdorff metric cIh- Also, we can show by 
equation (45) that 

{rj 1 (Dp)} —y K" * \i£ for / —> —oo 

geometrically. Thus, using the above coordinates, the convex hull of 

(J rf(D F ) C K° x M' 0+1 

ipz 

is properly convex also since they are uniformly bounded from below in the 
x„ + i-coordinates. (See Theorem B.l in [14] also where we used a slightly 
different proof for a similar result.) 

Let U' be a p-end-neighborhood of that is the interior of the convex 
hull of {gi(Dp)}. By the boundedness from of at most distance it — C for 
some C > o, the convex hull is properly convex. The fact that each H/ n U' 
is a horoball implies that Cl((/) Cl = {v^} holds. 

Conversely, suppose that G acts on a properly convex p-end-neighborhood 
U'. 

Suppose that a 7 (g) = 0 for some g £ G + . Then 

g'(CI(l/) Cl Hi) —> B as / —>■ oo under cIh 

for a leaf / and a compact domain B at bounded by an ellipsoid. This 
contradicts Lemma 4.17. Therefore, /- 17 (h) > 0 for every fi £ G + by (i). 

-(*) 

Suppose that /17 (gj) —>■ 0 for a sequence gi £ G + . We can assume that 
Xi(gi)/\ 2 {gi) > 1 + e for a positive constant e > 0 since we can take powers 
of gi not changing hj. 

Since [ij{gi) —> 0, we obtain a nondecreasing sequence n/, n,- > 0, so that 
« 7 (gf) = nia 7 {gi) 0 and A x (.gr"')/A 2 (gf,"') 00 . 

However, from such a sequence, we use equation (40) to shows that 

{g- ! (C\{U) n Hi)} -> B 

to a ball B with nonempty interior in H^. By Lemma 4.17, this is a con¬ 
tradiction. Hence /17 (g) > C for all g £ G + and a uniform constant C > 0. 
This proves the converse part of (ii). 

(i) and (*) in the proof (ii) proves (iii). 

□ 

Definition 4.15. • In case (iii) of Proposition 4.14, E is said to be 

a joined p-R-end ( of a totally geodesic R-end and a horospherical 
end) and G now is called a joined end group 
• In case (ii) of Proposition 4.14, E is said to be a quasi-joined p-R-end 
( of a totally geodesic R-end and a horospherical end) and G now is 
called a quasi-joined end group. An end with an end-neighborhood 
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that is covered by a p-end-neighborhood of such a p-R-ends is also 
called a quasi-joined p-R-end. 

From the matrix equation (40), we define v g for every g G (We just 
need to do this under a single coordinate system. ) 

Lemma 4.16. Given G satisfying Hypotheses 4-4 an d 4-12, let 7 m be any 
sequence of elements of G + so that \k{lm) / ^K"{lm) oo. Then we can 
replace it by another sequence Y m so that 

Ill'll and n^( 7 ^7“ 1 ) G Aut(K) 
are uniformly bounded. 

Proof. Given g G V~ E , let nj^g) : K° —>• K° denote the induced projective 
automorphism of g on K°. 

Suppose that Nk is discrete. Then n M is a lattice in M . By cocom¬ 
pactness of fl J\f in N, we can multiply 7m by h ^ 1 for an element h m of 
nearest to The result follows. 

We assume that Nk is indiscrete. T E has a compact fundamental domain 
F under T E . Thus, given any v, for x G F, 

J\f(v)(x) G g(F) for some g G V E . 

Then g _1 A7(i?)(x) G F. Since 

g(y) = Af(v)(x) G g(F) for y G F and x G F, 

it follows that 

(47) d K (n K (y), n* K (g)(n K (y)) = n K (x)) < c F 

for a constant C F depending on F. 

(i) g is of form of matrix of equation (49). 

(ii) S g is in a bounded neighbourhood of I by above equation 47 since 
the bounded Hilbert c//<-length of g implies the boundedness of the 
action on K°. 

(iii) g is in a bounded neighborhood of A f by (ii) since g is of form of 
matrix of equation (49). 

From the linear block form of g~ 1 Af(v) and the fact that gT 1 A7(v)(x) G F, 
we obtain that the corresponding v g -ijyi^ can be made uniformly bounded 
independent of v. 

For element 7 m above, we take its vector v^ m and find our g m for J\f( v Jm ). 
We obtain j' := Then the corresponding v -i is uniformly 

Sm t m 

bounded as we can see from the block multiplications. 

Since g m satisfies equation (47), norms of eigenvalues of V\* K (g m ) are uni¬ 
formly bounded. □ 
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Lemma 4.17. Suppose that the holonomy group of O is strongly irreducible. 
Given G satisfying Hypotheses 4-4 an d 4-12, let U be the properly convex p- 
end neighborhood of v^. Cl (U) Cl H4 cannot contain an open domain B with 

bd B 3 V£. 

Proof. First of all, 

(48) 07 (h) = 0 for all h € G 

by (i) since otherwise by equation (40) 

h'(B) —> Hk as / —> ±oo for h with a-? (h) / 0. 

Since Z^/T^ is compact, we have a sequence h; G G + where 
A v Jh,) 

—> oo,aj(hi) = 0 , and h;\K is uniformly bounded. 

A 2 [hi) 

Now modify h; by Lemma 4.16. 

Recall that K is a strict join K" * {k} for a properly convex domain 
K" C bd O of dimension n — /'o — 2 and a vertex k. Denote by S{K") and 
S(H) the subspaces spanned by K' and Hk- S(K") and S(Hk) form a pair 
of complementary subspaces in S n . 

From the form of the lower-right (/'o + 2) X (/'o + 2)-matrix of the above 
matrix, hj must act on the horosphere H C S(Hk). J\f also act transitively 
on Hk- Hence, for any such matrix we can find an element of J\f so that the 
product is in the orthogonal group acting on Hk- 

Now, this is the final part of the proof: Let H max denote S(Hk) H Cl (O) 
and R" ax the set S(K ") n Cl (O). Since {v 7m } is bounded and = 0, 

we have the sequence { 7 ™} 

• acting on K^ ax is uniformly bounded and 

• 7 m acting on H max in a uniformly bounded manner as m —> 00 . 

By Proposition 5.7 of [14] for / = 2 case, Cl (O) equals the join of H max 
and K' max - This implies that T is virtually reducible. Hence the joined ends 
cannot occur. 

□ 


4.4. The non-existence of split joined cases for n=l. 

Theorem 4.18. Let be the end orbifold of an NPCC p-R-end E of a 
strongly tame properly convex n-orbifold O with radial or totally geodesic 
ends. Assume that the holonomy group of O is strongly irreducible. Let T£ 
be the p-end fundamental group. Assume Hypotheses 4-4 on ^y an d /x g — 1 
for all g G r~ E . Then E is not a joined end. 



ENDS OF REAL PROJECTIVE ORBIFOLDS III 


37 


Proof. Suppose that £ is a joined end. By premise, n g — 1 for all g; £ T 
By Lemma 4.8 and Proposition 4.11, every g E is of form: 



As in the proof of Proposition 4.11, we obtain a sequence 'y m of form: 



as C\ m = 0 and C 2 , m = 0 where 

• A m oo, 

• l 0 and 0 m is in a set of bounded matrices in SL-j-(n — /’o — 1), 

• £ 7 ( 7 m) = 0 by Proposition 4.14 (iii). 

This implies 07 (y m ) = 0 also by definition. Moreover, Hypothesis 4.12 now 
holds. By Lemma 4.17, we obtain a contradiction. 

□ 

4.5. The proof for discrete N^. Now, we go to proving Theorem 1.1 
when Nk is discrete. By taking a finite index subgroup if necessary, we may 
assume that Nk acts freely on K°. We have a corresponding fibration 

i/n -a t- E /r~ E 

I 

(51) K°/N k 

where the fiber and the quotients are compact orbifolds since Z^ is compact. 
Here the fiber equals I/N for generic /. 

Since N acts on each leaf / of J- E in Z^, it also acts on a properly convex 
domain O and in a subspace §J 0+1 in § n corresponding to I. I/N x M is 
an open real projective orbifold diffeomorphic to (/-/ / ,0+1 n O)/N for an open 
hemisphere /-/ / ,0+1 corresponding to /. Since elements of N restricts to I on 
K , Ai(g) = A„+i(g): Otherwise, we see easily g acts not trivially on § n ~' 0-1 . 
By Proposition 3.5, the all norms of eigenvalues are 1. Since / is a complete 
affine space, Lemma 4.12 of [13] shows that 

• / covers a horospherical end of (§) 0+1 O (D)/N. 
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• By Theorem 4.10, N is virtually unipotent and N is virtually a co¬ 
compact subgroup of a unipotent group, conjugate to a parabolic 
subgroup of SO(/’o + 1,1) in Aut(§] 0+1 ) and acting on an ellipsoid of 
dimension /'o in H'i° + . 

Recall these from [13]. By the nilpotent Lie group theory of Malcev, the 
Zariski closure Z(/V) of N is a virtually nilpotent Lie group with finitely 
many components and Z(N)/N is compact. Let Af denote the identity 
component of the Zariski closure of N so that Af / (Af H N) is compact. Af HN 
acts on the great sphere §[ 0+1 containing and corresponding to /. Since 
Af/N is compact, we can modify U so that Af acts on U: i.e., we take 
C\geN = fl g eF for the fundamental domain F of Af by N. 

We remark that N n Af := Af(L) for a lattice L in M'°. Since Af is the 
Zariski closure of N and N is normal in l"^, Af is normalized by V Thus, 
Hypothesis 4.4 holds. 

Theorem 4.19. Let Z E be the end orbifold of an NPCC p-R-end E of a 
strongly tame properly convex n-orbifold O with radial or totally geodesic 
ends. Assume that the holonomy group of iri(0) is strongly irreducible. 
Let V~ E be the p-end fundamental group, and it satisfies the weak middle- 
eigenvalue condition. The virtual center of Y E goes to the the Zariski dense 
subgroup of the virtual center of Aut (K). Assume also that Nk is discrete 
and K°/is compact. Then E is a quasi-join of a totally geodesic R-end 
and a cusp type R-end. 

Proof. We will continue to use the notation developed above in this proof. 
By Lemma 4.6, h(g)Af(v)h(g)~ 1 = Af(vM g ) where M g is a scalar multiplied 
by an element of a copy of an orthogonal group 0(/’o). 

The group Af is isomorphic to M'° as a Lie group. Since N C Af is a discrete 
cocompact, N is virtually isomorphic to Z'°. Without loss of generality, we 
assume that N is a cocompact subgroup of Af. h(g)Nh(g) _1 = N. Since 
N corresponds to a lattice L C M'° by the map Af, and the conjugation by 
h(g) is to a map given by right multiplication M g by Lemma 4.6. 

Thus, M g . L —> L is conjugate to an element of SL±(/'o, Z) and {M g \g £ 
is a compact group as their determinant is ±1. Hence, the image of the 
homomorphism given by g £ h(ni(E)) h > M g £ SL-i-(/o,Z)) is a finite order 
group. Moreover, p g = 1 for every g F V E . Thus, T E has a finite index 
group V'- E centralizing Af. 

We take to be the corresponding cover of Z^. By Propositions 4.8 
and 4.11, we have the result needed to apply Proposition 4.14. Finally, 
Proposition 4.14(i) and (ii) imply that Y E virtually is either a join or a 
quasi-joined group. Theorem 4.18 shows that a joined end cannot occur. □ 

5. The indiscrete case 

Let Z E be the end orbifold of an NPCC R-end £ of a strongly tame 
properly convex n-orbifold O with radial or totally geodesic ends. Let f E 
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be the p-end fundamental group. Let U be a p-end-neighborhood in O 
corresponding to a p-end vertex v^. 

Recall the exact sequence 

1 —> /V —> 7Ti(E) % N k -a 1 


An element g £ is of form: 


(52) 


g = 



Here K(g) is an (n— /'o)x (n— /'o)-matrix and L/(g) is an (/o+l) x (/'o+l)-matrix 
acting on We note det K(g) det U(g) = 1. 


5.1. Taking the leaf closure. 


5.1.1. Estimations with KAV. Let U denote a maximal nilpotent subgroup 
of SL-t(n+l, M)g,g given by lower triangular matrices with diagonal entries 

equal to 1. 

Lemma 5.1. The matrix of g £ Aut(S n ) can he written under a coordinate 
system orthogonal at !/^ +1 as k(g)a(g)n(g) where k(g) is an element of 
0( n + 1), a(g) is a diagonal element, and n(g) is in the group U of unipotent 
lower triangular matrices. Also, diagonal elements of a(g) are the norms of 
eigenvalues of g as elements of Aut(S n ). 

Proof. Let v\,... , v/ 0+ i, Vi 0 + 2 , ■■■, Vn+i denote the basis vectors of M n+1 that 
are chosen from the real Jordan-block subspaces of g with the same norms 
of eigenvalues where vj £ V£ +1 for j = 1,..., /'o + 1. We require [i/i] = v^. 
Now we fix a Euclidean metric on M n+1 . We obtain vectors 

by the Gram-Schmidt orthogonalization process using the corresponding 
Euclidean metric on M n+1 . Then the desired result follows by writing the 
matrix of g in terms of coordinates given by letting the basis vectors v- = 
u„+i_/. (See also Proposition 2.1 of Kostant [26].) 

□ 


We define 

U' := \J /dlJ/R 1 . 

keO(n+ 1 ) 

Corollary 5.2. Suppose that we have for a positive constant Ci, and g £ T 

^ < A n+ i(g), Ai(g-) < Ci. 

Then g is in a bounded distance from U 7 with the bound depending only on 

Ci. 
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Proof. By Lemma 5.1, we can find an element /t£ 0(n + l)so that 
g = kk(g)k~ 1 ka(g)k~ 1 kn(g)k ~ 1 

as above. Then kk(g)k~ 1 G 0(n + 1) and ka^g)^ 1 is uniformly bounded 
from I by a constant depending only on Ci by Proposition 3.5. Finally, we 
obtain /cn(g)/c _1 6 ILJh □ 

A subset of a Lie group is of polynomial growth if the volume of the ball 
Br(I) radius R is less than or equal to a polynomial of R. As usual, the 
metric is given by the standard positive definite left-invariant bilinear form 
that is invariant under the conjugations by the compact group 0(n + 1). 

Lemma 5.3. U / is of polynomial growth in terms of the distance from I. 

Proof. Let Aut(S n ) have a left-invariant Riemannian metric. Clearly U is of 
polynomial growth by Gromov [25] since U is nilpotent. Given g G 0(n +1), 
the distance between gug and u for u G U 7 is proportional to a constant 
multiplied by d(u.l): Choose u G U 7 which is unipotent. We can write 
u(s) = exp(su) where u is a nilpotent matrix of unit norm. g(t) := exp(tx) 
for x in the Lie algebra of 0(n + 1) of unit norm. For a family of g(t) G 
0(n + 1), we define 

(53) u(t, s) = g(t)u(s)g(t )~ 1 = exp (sAd g ( t) u). 

We compute 

u{t,s)- l dU ^ t ^ := u(t,s)" 1 (x[v(t,s) - u(t,s)x ) = ( Ad u{ts) -i - l)(x). 

Since u is nilpotent, Ad u ( t s \-i — I is a polynomial of variables t, s. The norm 
of du(t, s)/dt is bounded above by a polynomial in s and t. The conjugation 
orbits of 0(n + l) in Aut(S n ) are compact. Also, the conjugation by 0(n + 1) 
preserves the distances of elements from I since the left-invariant metric p. is 
preserved by conjugation at I and geodesics from I go to geodesics from I of 
same /r-lengths under the conjugations by equation (53). Hence, we obtain 
a parametrization of U 7 by HJ and 0(n + 1) where the volume of each orbit 
of 0(n + 1) grows polynomially. Since HJ is of polynomial growth, U 7 is of 
polynomial growth in terms of the distance from I. □ 

Lemma 5.4. Each leaf I is of polynomial growth. That is, each ball Br(x) 
in I of radius R has an area less than equal to f(R) for a polynomial f where 
we are using an arbitrary Riemannian metric on induced from one on 

ft- e . 

Proof. Let us choose a fundamental domain F of FT^. Then for each leaf 
/ there exists an index set // so that / is a union of gi(D ;) / G // for the 
intersection D; of a leaf with F and gj G T^-. We have that D; C D ( 7 where 
D- is an e-neighborhood of D; in the leaf. Then 

{gi(D';)\i e h} 
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cover / in a locally finite manner. The subset G(l) := {gj £ T|/ £ //} is a 
discrete subset. 

Choose an arbitrary point dj £ D; for every / £ //. The set {g;(dj)\i £ //} 
and / is quasi-isometric: a map from G(l ) to / is given by f\ : g; i-a g,{dj) 
and the multivalued map from / to G(/) given by sending each point x £ / 
to one of finitely many gj such that g/(D ( -) 3 x. Let V^ be given the Cayley 
metric and a metric induced from Both maps are quasi-isometries 
since these maps are restrictions of quasi-isometries and 

defined in an analogous manner. 

The action of g; in K is bounded since it sends some points of n^(F) to 
ones of n k (F). Thus, n^.(g/) goes to a bounded subset of Aut(K'). Hence 
in the form of equation (52), 

K{gj) = det (K(gj)) 1/(n ~' o) k(gj) where K(gj) £ SL±(n - / 0 ,R). 

Let Ai(gv) and A n {gi) denote the largest norm and the smallest norm of 
eigenvalues of K{gi)- Since l~l * K {g;) are in a bounded set of Aut(K'), these 
are bounded by two positive real numbers. The largest and the smallest 
eigenvalues of gj equal 

Ai(g) = det(K'(g-/)) 1/( ' 1_ ' o) Ai(g-/) and A„+i(g) = det(K'(g-/)) 1/(n_ ' o) A n (g'/) 

Denote by 3 j(gj),j = 1,..., /'o + 1, the norms of eigenvalues associated with 
Since 

det(K(gj))a 1 (gj )... a io+1 {gj) = 1, 

if | det(K'(g'/))| -A 0 or oo, then the equation in Proposition 3.5 cannot hold. 
Therefore, we obtain 

1/C< |det(AC(g/))| < C 

for a positive constant C. We deduce that the largest norm and the smallest 
norm of eigenvalues of gj 

det (Kigj^-^X^gj) and det (Kig,))^-^^,) 

are bounded above and below by two positive numbers. Hence, Ai(g/) and 
A n {gi) and the components of a(gj) are all bounded above and below by a 
fixed set of positive numbers. 

By Corollary 5.2, {gj} is of bounded distance from UL Let A/ C (U / ) be a 
c-neighborhood of Uh Then 

G(l) C A/ C (U'). 

Let d denote the left-invariant metric on Aut(S n ). By the discreteness of 
Tthe set G(l) is discrete and there exists a lower bound to 

{d{gi,gj)\gi,gj € G{l),i^j}. 

Also given any gj £ G(l), there exists an element gj £ G(/) so that d{g;, gj) < 
C for a uniform constant C. (We need to choose gj so that gj(F) is adjacent 
to gj(F).) Let 6r(I) denote the ball in SL(/i + 1,M) of radius R with the 
center I. Then 6r(I) n A/ C (U / ) is of polynomial growth with respect to R, 
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and so is G(/) n 6 r(I). Since the {g/(D-)|g; e G(/)} of uniformly bounded 
balls cover / in a locally finite manner, / is of polynomial grow as well. □ 

5.1.2. Closures of leaves. Given a subgroup G of an algebraic Lie group, the 
syndetic hull S(G) of G is a connected Lie group so that S(G)/ G is compact. 
(See Fried and Goldman [23] and D. Witte [35].) 

The properly convex open set K, K C S n ~'° has a Hilbert metric. Also 
the group Aut(K') of projective automorphisms of K in SL±(n — /'o + 1, M) is 
a closed group. 

Lemma 5.5. Let D be a properly convex open domain with the closed locally 
compact group Aut(D) of smooth automorphisms of D . Given a group G 
acting isometrically on an open domain D faithfully so that G -> Aut(D) is 
an embedding. Suppose that D/G is compact. Then the closure G of G is a 
Lie subgroup acting on D properly, and there exists a smooth Riemannian 
metric on D that is G -invariant. 

Proof. Since G is in S L± (n — /'o +1, M) , the closure G is a Lie subgroup acting 
on D properly. Suppose that D C 

One can construct a Riemannian metric /j with bounded entries. Let f 
be a function supported on a compact set containing a fundamental domain 
F of D/G where <f>\ F > 0. Given a bounded subset of G , the elements are in 
a bounded subset of the projective automorphism group SL-j-(n + 1,M). A 
bounded subset of projective automorphisms have uniformly bounded set of 
derivatives on S n up to the m-th order for any m. We can assume that the 
derivatives of the entries of <fpL up to the m-th order are uniformly bounded 
above. Let dg be the left-invariant measure on G. 

Then {g*4>p\g G G} is an equicontinuous family on any compact subset 
of D° up to any order. Thus the integral 



of g*4>n for g F G is a C°°-Riemannian metric and that is positive definite. 
This bestows us a C°°-Riemannian metric /ip on D invariant under G-action. 

□ 

The foliation on Z £ given by fibers of 14 k has leaves that are /'o-dimensional 
complete affine spaces. Then K° admits a smooth Riemannian metric /io,i 
invariant under by Lemma 5.5. Since is not discrete, a component 
Nk ,o °f the closure of Nk in Aut(R) is a Lie group of dimension > 1. By tak¬ 
ing a finite index subgroup of 7Ti (O), we may assume that is connected. 
We consider the orthogonal frame bundle FK° over K°. A metric on each 
fiber of FK° is induces from /a^. Since the action of Nk is isometric on FK° 
with trivial stabilizers, we find that Nk acts on a smooth orbit submanifold 
of FK° transitively with trivial stabilizers. (See Lemma 3.4.11 in [34].) 

There exists a bundle FIFjt from pulling back FK° by the projection map. 
Here, FTjt covers FT^. Since acts isometrically on FK°, the quotient 
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space FZ^/T^ is a bundle FZ^ over Z^ with a subbundle with compact 
fibers isomorphic to the orthogonal group of dimension n — /'o. Also, FZ^ is 
foliated by /o-dimensional affine spaces pulled-back from the /o-dimensional 
leaves on the foliation Z^. One can think of these leaves as being the inverse 
images of points of FK°. 

5.1.3. vri(V/) is virtually solvable. Recall the fibration 

V\k : Z£ —> K° which induces fl^ ■ FZ^ —> FK°. 

Since Nk acts as isometries of Riemannian metric on K °, we can obtain 
a metric on Z^ so that the foliation is a Riemannian foliation. Let : 

FZ^ -A FZ^ be the covering map induced from Z^ -A Z^. The foliation on 
Z^- gives us a foliation of FZ^. 

Let / be a leaf of FZ^, and p be the image of / in FK°. Since / maps 
to a polynomial growth leaf in FZ^ by Lemma 5.4, Carriere [8] shows that 
a connected nilpotent Lie group A/ in the closure of Nk in Aut(/<) acts on 
FK° freely. Moreover, we have a submanifold 

n kHMp)) = Vi ^ F U 

I Py~ e I 

(54) V, -A FZ § 

for a compact submanifold V/ := p£~(/) in FZ^. Here A / is the component 
of the closure of Nk the image of in Aut(R). Clearly A / is an algebraic 
group. Hence, by taking a finite cover if necessary, is in a Lie group 

r 1 x z(ri) x ••• x z(r fc ),/ > k- i 

for the Zariski closure Z(T/) of I”; by Theorem 1.1 of Benoist [4], By taking 
a finite index subgroup, we assume that is a subgroup. 

Note Vi has a dimension independent of / since A / acts freely. 

Since A/ is in the product group, we can project to each T/Tactor or the 
central Since the image of A / is Z(T 7 ) is not discrete in Aut(K)), we 

obtain that Aut(Kj) equals a union of components of copies of PO(rij, 1) or 
SO(nj , 1) in Z(Vj) by Theorem 1.1 of [4] since Kj is strictly convex. The 
nilpotency implies that the image is a cusp group fixing a unique point in 
bd Kj or an abelian Lie group fixing a unique pair of points in bd Kj. Thus, 
the image is an abelian group since A/ is connected. Thus, A/ is an abelian 
Lie group. 

Let Ni be exactly the subgroup of tti(Vi) fixing a leaf / in FK °, for each 
closure V/ of a leaf /, the manifold V/ is compact and we have an exact 
sequence 

1 —► N, -a hMV,)) % A] —► 1. 

Since the leaf / is dense in V/, it follows that A) is dense in A/. Each leaf I' of 
Zg- has a realization a subset in O. Since A// fixes every points of K° and N 
is in 7Ti(V/), we obtain N = N/. We have the norms of eigenvalues A ;(g) = 1 
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for g € A//. By Proposition 3.5, we have that N = A// is orthopotent since 
the norms of eigenvalues equal 1 identically and A// is discrete. Then N is 
easily seen to be virtually nilpotent since it is of polynomial growth as we 
can deduce from the orthopotent flags. (See the proof of Theorem 4.10 of 
[13] also. ) 

Hence, h(iii(Vi)) is solvable being an extension of an abelian group by a 
nilpotent group. 

We summarize below: 

Proposition 5.6. Let I be a generic fiber of FT E and p be the corresponding 
point p of FK°. Then there exists an algebraic abelian group A / acting on 
FK° so that V\ K \Ai(p)) = V/ covers a compact suborbifold V/ in FT E , a 
conjugate of the image of the holonomy group of V/ is a dense subgroup of 
A/, and the holonomy group of V\ is solvable. Moreover, V/ is homotopy 
equivalent to a point or a torus of dimension > 1. 

Proof. We just need to prove the last statement. Since A/ is homotopy 
equivalent to a point or a torus of dimension > 0, and n k has fibres that 
are /'o-dimensional open hemispheres, this last statement follows. □ 

5.1.4. The subgroup 7 Ti(P/) is normalized by V ~ E . The leaf holonomy acts on 
as an abelian killing field group without any fixed points. Hence, 
each leaf / is in V/ with a constant dimension. Thus, T E is a foliation with 
leaf closures of the identical dimensions. 

The leaf closures form another foliation T E with compact leaves by Lemma 
5.2 of Molino [30]. We let FT E /J 7 E denote the space of closures of leaves has 
an orbifold structure where the projection FIZ E —>• FT^/J 7 ^ is an orbifold 
morphism by Proposition 5.2 of [30]. Since T E has a geometric structure 
induced from the transverse real projective structure, T E is a very good 
orbifold. We may assume that Zg- is an n — 1-manifold and hence FT E is 
a manifold since we need our results for finite index subgroups only. By 
Lemma 5.2 of [30], each open neighbourhood of FT^/J 7 ^ is the quotient 
space of /4/-invariant open set in FK° = FT^/J 7 ^ by the connected abelian 
group A/ acting properly with trivial stabilizers. 

• Let X = ( FK°)/Ai be a quotient manifold, and 

• let G be the group of projective automorphisms of K° acting on 
FK°/A/ induced from T E . 

Thus, FT^/J 7 ^ admits a (G, X)-geometric structure induced from the real 
projective structure of FT E /fF E . There exists a finite regular manifold-cover 
M of FT^/J 7 ^ as in Chapter 13 of Thurston [33] (see Theorem 2 (due to 
Thurston) of [10] also.) 

By pulling back the fiber bundle over orbifolds, we consider the funda¬ 
mental groups. We obtain a regular finite cover FT f ~ of FT E and a regular 
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fibration 

V, —a FZ| —> M 

y y 'r 

(55) Vi —a FZ § -a FZ § /F 

where V) is a generic fiber of Flit for the induced foliation F f isomorphic 
to a generic fiber of FH E . 

We obtain an exact sequence 

?ri(\/,)^7r 1 (FZ|)-^7r 1 (M)^l 

and the image 7Ti( V/) is a normal subgroup of iri(FHt). Since FZ t is fibered 
by fibers diffeomorphic to SO(n — /'o) or its cover, we have a fibration 

SO(n - Zo) -A FZ| -A Z| 

where Zf is a finite cover of H E and SO(n — /’o) is a finite cover of SO (n — /’o). 
Thus, we also have an exact sequence 

7n(S0(n - / 0 )) -a 7 n(FZ|) -a t n(Z|) -a 1. 

Since 7Ti(Z^) is a quotient group of 7Ti(FZf), the image of 7Ti( V/) is a normal 
subgroup of 7Ti(Z|) for the generic /. We define I"/ as the image h(7Ti( V/)). 
The above sequence tells us that I"/ is a normal subgroup of a finite index 
subgroup of r~ E . 

From now on, we will assume that l~/ is a normal subgroup of by taking 
a finite cover of the end-neighborhood if necessary. 

Recall that T/ is virtually solvable, as we showed above. We let z(r- E ) 
and z(r,) denote the Zariski closures in Aut(S n ) of and T/ respectively. 

By Theorem 1.6 of Fried-Goldman [23], there exists a closed virtually 
solvable Lie group 5/ containing T/ with the following four properties: 

• S/ has finitely many components. 

• Vi\Si is compact. 

• The Zariski closure Z(S/) is the same as 

• Finally, we have solvable ranks 

(56) rank(S/) < rank(l"/). 

Since T E normalizes T/ by above, T E also normalizes Z(T/) = Z(S/); How¬ 
ever, it maybe not normalize S/ itself. 

Since T/ acts on an algebraic set V) C FZ^, a component of the inverse 
image of an algebraic set the algebraic orbit A/(p) in FK°. Thus, Z(T/) = 
Z(S/) also acts on V/ and hence so does 5/. Also, since I"/ -A A\ has a dense 
image, S/ -A A / is an onto map. 

We summarize: 
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Lemma 5.7. h(ni(Vi)) is virtually solvable and is contained in a virtually 
solvable Lie group Si := S(h(iri(Vi)) with finitely many components, and 
Si/h(m(Vi)) is compact. 5/ acts on V). Furthermore, one can modify a 
p-end-neighborhood U so that S/ acts on it. Also the Zariski closure of 
/7(7Ti (V/)) is the same as that of S/. 

Proof. By above, Z(S/) = Z(l"/) acts on V). We need to prove about the 
p-end-neighborhood only. Let F be a compact fundamental domain of S/ 
under the T/. Then we have 

n s(u )=n m. 

g£Si g&F 

Since F is compact, the latter set is still a p-end-neighborhood. □ 

Since S/ acts on U and hence on Z E as shown in Lemma 5.7, we have 
a homomorphism Si —>• Aut(K'). We define by 5/,o the kernel of this map. 
Then S/ q acts on each leaf of Z^. 

5.1.5. The form of US/q. From now on, we will let S/ to denote the only 
the identity component of itself for simplicity as 5/ has a finitely many 
components to begin with. This will be sufficient for our purpose of getting 
a cusp group normalized by I" £. 

Let USi denote the unipotent radical of the Zariski closure Z(S/) of S/ in 
Aut(S n ), which is a solvable Lie group. Also, US^o denote the unipotent 
radical of the Zariski closure of S/ o • Since S/ o is normalized by V E , so is 

Z(S /i0 ). 

Let 8j 0+1 denote the /'o + 1-dimensional great sphere containing corre¬ 
sponding to each /’o-dimensional leaf / of F^. 

Proposition 5.8. Let I be a generic fiber so that A / acts with trivial stabi¬ 
lizers. 

• Si acts on V/ and on Z~ E and dU freely and properly and acts as 
isometries on these spaces with respect to Riemannian metrics. 

• S/_o acts transitively on each leaf I with a compact stabilizer and acts 

on an /’o- dimensional ellipsoid 8U nS) 0+1 passing with an invariant 

Euclidean metric. 

• Si' o is an /’o- dimensional cusp group and the unipotent radical USi q 
equals 5/ q • 

• US,, o is normalized by T E also. 

Proof. Since Z(S/) = Z(T/) acts on V// as stated above, it follows that S/ and 
USi both in the group act on V/. 

(i) A stabilizer S/ iX of each point x G V/ for S/ is compact: let F be the 
fundamental domain of 5/ with V / action. Let F' be the image F (x) : = 
(g'(x')lg G F} in Vj. This is a compact set. Define 

r/,p := {g g r / |g-(F(x)) n f(x) 0}. 
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Then V / p is finite by the properness of the action of T/. Since an element 
of S/ iX is a product of an element g' of T/ and f € F, and g'f(x) = x, it 
follows that g'F(x ) n F(x) / 0 and g' G 1”//^. Hence S/ x C T/ pF and 
S/ iX is compact. Similarly, S/ acts properly on JLg. Since dU is in one-to- 
one correspondence with Z^, S/ acts on dU properly. Hence, these spaces 
have compact stabilizers with respect to S/. The invariant metric follows by 
Lemma 5.5. Hence, the action is proper and the orbit is closed. (Since V//V / 
is compact, V//S/ is compact also. ) 

(ii) We assume that is torsion-free by taking a finite index subgroup 
since Z^ is a very good orbifold, admitting a geometric structure. Now, we 
show that 5/ acts freely on Z^: 

The strategy is as follows. We use the last part of Section 1.8 of [23] 
where we can replace H there with 5/ and W 1 with V/ and V with the solvable 
subgroup r /, we obtain the results for I"/: 

First, T/ is solvable and discrete, and hence is virtually polycyclic by 
Mostow (see Proposition 3.7 of [32]) and 5/ has the same Zariski closure as 
I"/. Take a finite index subgroup of l"^ so that I"/ is now polycyclic. We 
work on the projection of V) on Z^, a convex but not properly convex open 
domain in an affine space /4 n_1 . 

Lemma 1.9 of [23] shows that the unipotent radical US/ of Z(S/) acts freely 
on Z^: Being unipotent, US / is simply connected. The orbit LS/(x) for 
x G Z^ is simply connected and invariant under Z(l"/) = Z(S/). I" /\LS/(x) 
is a K{Y h l)-space. Thus, rankl"/ = cdY / < dim US /. By Lemma 4.36 of [32], 
dim US/ < dimS/ and by Lemma 1.6 (iv) of [23], we have dimS/ < rankl"/. 
Thus, rankl"/ = dim S/. 

We now show S/ acts freely on Z^-. We have a fibration sequence 

fi-tS/A r ,\S/ 

and an exact sequence 

Ms,) 7 n(r i\Si) -a r,, 

and hence rank7Ti(S/) + rankr/ = rank7ri(l"/\5/) = dim S/ since S/ is solvable 
and T/\S/ is a compact manifold following the argument in Section 1.8 of 
[23]. (See Proposition 3.7 of [32] also where we need to take the universal 
cover of S/.) Since rankr/ = dim S/, we have rank7Ti(S/) = 0. This means that 
7Ti(S/) is finite. Being solvable, it is trivial. Thus, 5/ is simply connected. 
Since S/ is homotopy equivalent to T J1 , S/ is contractible. (We followed 
Section 1.8 of [23] faithfully here.) 

Since 5/ acts transitively on any of its orbits, S/ is homotopy equivalent 
to a bundle over the orbit with fiber homeomorphic to a stabilizer. Since S/ 
is contractible, the stabilizer is finite. Since 5/ acts with finite stabilizers on 
Zg-, it acts so on V/. That is 5/ finitely covers V) as a universal cover. That 
is, iri(Vi) is finite. Since V) is homotopy equivalent to a point or a torus, 
iti(Vi) and the stabilizers are trivial. We showed that S/ acts freely on V). 
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(iii) Now, we show that S/ acts transitively on \//: Choose x E V/. There 
is a map f : T /\S/ — > Vi/Y / given by sending each g E S/ to g(x) E 1//. The 
image of the map is also closed since T /\S/ is compact. Since the map is a 
homotopy equivalence, the map is onto and S/ acts transitively on V/. 

(iv) Hence, S/,o acts simply transitively on each /; S/,o is diffeomorphic to 
a leaf / and hence is connected and is a solvable Lie group. 

Since the subset U/ U C fZ ) 0-1-1 of U corresponding to / is a strictly 
convex set containing vjt, we have S/,o acting simply transitively on dU/. 
Proposition 3.5 implies that for g E T/ 

Ai(g) > A (g) > A '(g) > Xn+i(g). 

Since S/ = FT/ for a compact set F, this inequality 

(57) CiAi(g) > A (g) > C 2 X\g) > C 3 X n+1 (g),g E Si 

holds for constants Ci > 1,1 > C 2 > C 3 > 0. Since S /,0 acts trivially 
on K° , we have Ai(g) = A n+ i(g') for g: E S/,o- Since the maximal norm 
A(g) of the eigenvalue equals max{Ai(g), A (g)} and the minimal norm A(g) 
of the eigenvalue equals min{A / (g'), A n+ i(g')}, equation (57) implies that 
I log A(gr)|, | logA(g)|,gr E S/,o are both uniformly bounded above. Of course 
we have 


| log A( < gr n )| = \n!og\(g)\, | log A(g' n )| = \n log A(gr)|, g E S/, 0 . 

Since S/,o is not compact, all the eigenvalues of elements are 1 . Since S/,o is a 
connected Lie group, Fried [22] shows that S/,o is a nilpotent Lie group. By 
Lemma 4.12 of [13], 5/,o acts on an /’o-dimensional ellipsoid that has to equal 
dUi. Since one can identify each leaf with an affine space 5/,o is isomorphic to 
an affine isometry group acting simply transitively on an affine space M'. Let 
7i v - E denote the cusp group acting on the ellipsoid. An elementary argument 
using the cocompact subgroup simultaneously in both groups shows that 
S/,o and "H u - are identical. 

This shows also that S/,o is nilpotent and we have LS/,o = S/,o also. Fi¬ 
nally, this implies that US/ q is an /’o-dimensional abelian Lie group. 

For g € Tg, S'i := gS/g -1 is a syndetic hull of T£. Then we define Sj Q as 
the subgroup acting trivially on the space of leaves. Since SJ 0 has to be the 
cusp group as above by the same proof, it follows that Sf 0 = 5/,o = grS/,ogT 1 • 
Thus, S/,o is a normal subgroup. 

□ 


5.2. The proof for indiscrete N^. We can parametrize (75 /,0 by A7(\7) for 
v E M'° by Proposition 5.8. Hypothesis 4.4 holds now. As above by Lemmas 
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4.6 and 4.8, we have that the matrices are of form: 



where g G l"^. Recall Hg = 3 5 {g)/ 3 i{g) = ag(g)/a 5 (g). Since 5/ is in Z(r,) 
and the orthogonality of normalized A${g) is an algebraic condition, the 
above form also holds for g 6 S/. 

However, we don’t assume Hypothesis 4.12. We continue to assume as in 
Hypothesis 4.4 for G. 

Proposition 5.9. A center of V ^ maps to N k going to a Zariski dense 
group of the virtual center of Aut (K). We assume Hypothesis 4-4 an d 
is indiscrete. Then we have p g = 1 for every g € l"^. 



The weak uniform middle eigenvalue condition here means ai(g) > ag(g) 
°r n g < 1 for g € G + for G = 

By Hypothesis 4.4, the conclusion of Proposition 4.11 holds. From the 
proof of Proposition 4.11, let K, K" , and k be as in the proof. We obtain a 
sequence in the virtual center with the same properties. We take one as 
r) where the largest norm Ai(j?) of the eigenvalues for S(?/) occurs at k. 

By Proposition 4.11, r/ acts on K" C bdCk By the weak middle eigenvalue 
condition and the matrix form (60), k corresponds to 3i(r/) = Ai(g'), the 
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largest norm eigenvalue. Since Ai ( 77 ) is of multiplicity one, k corresponds to 
a unique fixed point k rr Being a fixed point, k r] E bd O. 

Suppose first that p r] < 1. Since has a different eigenvalue 29 ( 77 ) from 
that 21(77) of k n as p rj < 1 , we obtain k n / v^, and k n E Hf. 

The convex hull /C of K 77 and k r/ is the join K" * k r] c Cl (O). Hence, 
there exists a subspace S n ~'° C K" * k n complementary to S(°,. We use the 
coordinates now where K" * k n is given by x„_; 0+ i = 0,... , x n+ i = 0. Points 
of K" has coordinates 



n—<0-1 /'0+1 


Since G commute with 77 and 77 have eigenvalues at K" and k r] distinct from 
fixed points outside K" and k n as we can see from equation (59), G acts on 
K" * k rr Since G acts on K" * k n by Proposition 4.11, it follows that in this 
coordinate system 


v g = 0 , 


Mg) 

Mg) 



0 for all g E G. 


Since is not contained in K" * !■ c^, and each leaf hemisphere H'° +1 contains 
at least one point of K° = ( K" * k r] )°, it follows that ( K" * k ri )° projects to 
a submanifold of transversal to each fiber. Sine T£ acts on this image, 
T£ cannot act properly discontinuously on Z^. 

Now suppose that /j r) = 1 but there exists some g with j.i g < 1. Then 
again there exists a fixed point k g E H° with an eigenvalue of multiplicity 
one. By commutativity, ij acts on k g and the arguments are now similar. 

□ 


The proof of Theorem 1.1. Suppose that E is an NPCC R-end. When N k 
is discrete, Theorem 4.19 gives us the result. 

When Nk is indiscrete, Hypothesis 4.4 holds by Propositions 5.8. 

By Proposition 5.9, n = 1 holds. Lemmas 4.6 and 4.8, Propositions 4.11 
and 4.14 show that we have a joined or quasi-joined end. Theorem 4.18 
implies the result. □ 

Corollary 5.10. Let O be a properly convex strongly tame real projective 
orbifold. Assume that holonomy group is strongly irreducible. Let E be an 
NPCC p-end of the universal cover O or O. Then the holonomy group h {f ^) 
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is a group whose element under a coordinate system is of form: 


(64) 


' S(g) 

0 

0 

0 

0 

Kg) 

0 

0 

0 

Kg) v (g) T 

Kg)\ 

0 

0 

Kg) ( 07 (g) + 11 ( f }11 ) 

Kg) v (g) 

Kg) 


where {S(g)|g G l"^.} acts cocompactly on a properly convex domain in bd O 
of dimension n — /o — 1 , and 017 (g) satisfies the uniform positive translation 
condition given by equation (43). 

And f ^ virtually normalizes the group 


(65) 



( 

1 n— /'o — 1 

0 

0 

0 

0 

1 

0 

0 

0 

u 

TS. 

I/O 

0 


0 

||i7|| 2 /2 

V 

1 



Proof. The proof is contained in the proof of Theorem 1.1. 


□ 


6. The dual of NPCC-ends 


6.1. The duality. We repeat some background material from [13] for con¬ 
venience. We recall the projective duality from linear duality. Let T be a 
group of linear transformations GL(n +1, M). Let l~* be the affine dual group 
defined by {g*~ 1 \g G I"}. Suppose that T acts on a properly convex cone C 
in M n+1 with the vertex O. 

An open convex cone C* in M n+1 * is dual to an open convex cone C in M n+1 
if C* c R n+1 * is the set of linear transformations taking positive values on 
CI(C) — {O}. C* is a cone with vertex as the origin again. Note (C*)* = C. 

Now T* will acts on C*. A central dilatational extension V of T by Z is 
given by adding a dilatation by a scalar s G M+ — {1} for the set M+ of 
positive real numbers. The dual V* of V is a central dilatation extension of 
T*. Also, V acts cocompactly on C if and only if V'* acts so on C*. (See [24] 
for details.) 

Given a subgroup T in PGL(n +1, M), a lift in GL(n +1, M) is any subgroup 
that maps to V injectively. Given a subgroup T in PGL(n + 1, M), the dual 
group l~* is the image in PGL(n + 1,M) of the dual of any linear lift of V. 

A properly convex open domain ft in P(R n+1 ) is dual to a properly convex 
open domain Q* in P(M n+1 ’*) if Q corresponds to an open convex cone C 
and ft* to its dual C*. We say that ft* is dual to ft. We also have (ft*)* = ft 
and ft is properly convex if and only if so is ft*. 

We call T a divisible group if a central dilatational extension acts cocom¬ 
pactly on C. T is divisible if and only if so is l~*. 

Recall S n := 5(M n+1 ). We define §”* := S(R n+u ). 
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For an open properly convex subset fi in §", the dual domain is defined 
as the quotient of the dual cone of the cone corresponding to Cq in S' 1 *. 
The dual set is also open and properly convex but the dimension may not 
change. Again, we have (ft*)* = fi. 

Given a properly convex domain fi in S' 1 (resp. RP n ), we define the 
augmented boundary of fi 

bd Ag fi := {(x, h)\x G bdfi, h is a supporting hyperplane of fi, h 9 xj. 

Each x G bdfi has at least one supporting hyperspace, a hyperspace is an 
element of RP n * since it is represented as a linear functional, and an element 
of RP n represents a hyperspace in RP n *. 

The homeomorphism below will be known as the duality map. 

Proposition 6.1 ([13]). Let fi and fi* be dual domains in S' 1 * (resp. RP n *). 

(i) There is a proper quotient map l~lAg : bd Ag fi —> bdfi given by sending 
(x, h) to x. 

(ii) Let a projective automorphism group T acts on a properly convex 
open domain fi if and only l~* acts on fi*. 

(iii) There exists a duality homeomorphism 

V : bd Ag fi o bd Ag fi* 

given by sending (x, h) to (h,x) for each (x, h) G bd Ag fi. 

(iv) Let A C bd Ag fi be a subspace and A* C bd Ag fi* be the corresponding 
dual subspace T>(A). If a group Y acts on A so that A/Y is compact 
if and only if T* acts on A* and A* /Y* is compact. 

We have O = fi/T for a properly convex domain fi, the dual orbifold O* = 
fi*/P is a properly convex real projective orbifold homotopy equivalent to 
O. The dual orbifold is well-defined up to projective diffeomorphisnrs. We 
call O* a projectively dual orbifold to O. Clearly, O is projectively dual to 
O*. 

Theorem 6.2 (Vinberg). The dual orbifold O* is diffeomorphic to O. 

We call the map the Vinberg duality diffeomorphism. 

6.2. The proof of Corollary 1.2. By Corollary 5.10, we obtain that the 
dual holonomy group g~ 1T G ft has form under a coordinate system: 


( 66 ) 



Recall that (S(g),g G Y acts on properly convex set K * {k} in S' 1 '° , 

a strict join, for a properly convex set K C § n-, o -2 gn-<o-i anc j ^ f rc ,m 
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the proof of Theorems 4.19 and 4.18. A f acts on §' 0+1 containing and 
corresponding to k under the projection Y\^ : S' 1 — -A 

We have M n+1 = V 0 W for subspaces V and W corresponding to § n- 'o -2 
and §'° +1 respectively. We let § n -'o^ 2 * an d §' 0+1 * denote the dual subspaces 
in S' 1 *: Then M n+1 * = V* © W* for subspaces V* of 1-forms on 1/ and W* 
of 1-forms of 1/1/. Then 1/* corresponds to the subspace § n- 'o -2 * and W* 
corresponds to §' 0+1 *. 

Let K* C §” - ' 0-2 * C g"—'o—the dual domain of K. The subspace 
gn— i 0 -2 - g ( ] ua } a p 0 i n t k* of S n ~'°~ u . Now, K *{k} is dual to K* *{k*} in 
gn-io-i* Then (S(g-) _17 ~, g 6 I"-.} acts on the properly convex set K**{k*}. 

Recall that T^ and the unipotent group M act on a p-end neighborhood 
U of E and on great spheres g n ~'o _2 an d §'o+ 1 . Then and the unipotent 
group A f act on the dual great spheres § n_ 'o _2 * and § ,0+1 * by the matrix 
forms of the elements. 

Let P C S n be an oriented hyperplane supporting O at v^. Under \1k, 
P goes to a hyperplane in disjoint from (K * {k})°. (K * {k})° is 

in the orientation direction of the image of P. Hence, the set of supporting 
oriented hyperplanes is projectively isomorphic to K**k* . Using the map V, 
we obtain that there exists a totally geodesic n—/’o — 1-dimensional domain in 
bd O* projectively isomorphic to K* * k* . We denote the domain by Kf * k±. 
Here, k\ is the dual of the supporting hyperplane containing K and 

And r| virtually normalizes: 


-IT 


By using coordinate change of n— /’o + l-th coordinate to n + l-th coordinate, 
we can make the lower right matrix of V^ and A f into a lower triangular form. 
Now, fixes /cjL The eigenvalues show that the dual p-end E* is not 

complete by Theorem 4.10 in [13]. Since elements of V^ is of form (67), 
is not properly convex considering the matrices expression of their action on 
1 . One can check that the uniform positive translation condition holds. 

Recall A f acts on a quasi-joined end neighborhood U D O with /'o-dimensional 
orbits in bd U. We can find a properly convex open set Ui D O by expanding 
along radial lines and taking a convex hull and Proposition 4.14. (This step 
is similar to ones in Lemma 7.6 in [14] and we skip details.) For the dual 
properly convex open set Ul we have U £ C O* by the reversal of inclusion 
relations under duality. also fixes k j" by the new form of the matrices. 

The space of radial lines from k\ to O* is same as that of Since M* acts 
on Ul, E* is an NPCC-end with complete affine leaves of dimension /q. 


(67) A f{v) 


If7—/ 0 —1 

0 

0 

0 

0 

1 

— v 

||v|| 2 /2 

0 

0 

I/O 

h- 

1 

0 

0 

0 

1 
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By Theorem 6.2, each end neighborhood of O goes to an end neighbour¬ 
hood of O*. Hence, the weak uniform middle eigenvalue condition is satisfied 

by the form of the matrices. Also the uniform positive translation condition 

holds by the matrix forms again. Proposition 4.14 completes the proof. 
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